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Lexical Analysis

We start this chapter with a description of the task of leidrealysis and then present regular expres-
sions as specification mechanism for this task. Regulaesspns can be automatically converted into
non-deterministic finite state machines, which implementdal analysis. Non-deterministic finite-
state machines can be made deterministic, which is prefésréemplementing lexical analyzers, often
calledscannersAnother transformation on the resulting deterministidéirstate machines attempts to
reduce the size of the machines. These three steps togediterup an automatic process generating
lexical analyzers from specifications. Another module virggkn close cooperation with such a finite-
state machine is th&creener |t filters out keywords, comments etc. and may do some bagkkeg.

2.1 The Task of Lexical Analysis

Let us assume that the source program is stored in a file. istsrof a sequence of characters. Lexical
analysis, i.e., the scanner, reads this sequence fronoleigtit and decomposes it into a sequence
of lexical units, calledsymbols Scanner, screnner, and parser may work in an integratediméyis
case, the parser calls the combination scanner-screeonbtam the next symbol. The scanner starts
the analysis with the character that follows the end of teeflaund symbol. It searches for the longest
prefix of the remaining input that is a symbol of the langudieasses a representation of this symbol
on to the screener, which checks whether this symbol isaeldor the parser. If not it is ignored, and
the screener reactivates the scanner. Otherwise, it pagsessibly transformed representation of the
symbol on to the parser.

The scanner must, in general, be able to recognize infinitelgry or at least very many different
symbols. The set of symbols is, therefore, divided into digitmany classes. Orgymbol claswill
consist of symbols that have a similar syntactic role. Wérdisiish:

e The alphabet is the set of characters that may occur in proggets. We use the letter to denote
alphabets.

e A symbolis a word over the alphabét. Examples areyz12, 125, class, “abc”.

e A symbol classs a set of symbols. Examples are the set of identifiers, thef set-constants, and
the set of character strings. We denote thesklpintconst andString, respectively.

e Therepresentation of a symbaebmprises all of the mentioned informations about a symite t
may be relevant for later phases of compilation. The scamight represent the wordyz12
as pair(ld, “xyz12"), consisting of the name of the class and the found symbol,pasd this
representation on to the screener. The screener couldesplaz 12 by the internal representation
of an identifier, for example, a unique number, and then gas®h to the parser.
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2.2 Regular Expressions and Finite-State Machines

2.2.1 Words and Languages

We introduce some basic terminology. We usé&o denote somalphabet that is a finite, non-empty
set of characters. &vord = over X’ of lengthn is a sequence of characters front'. Theempty word
¢ is the empty sequence of characters, i.e. the sequencegtfil@enWe consider individual characters
from X' as words of length 1.

3™ denotes the set of words of lengttfor n > 0. In particular,X? = {¢} and X! = X. The set
of all words is denoted a&*. Correspondingly i " the set ohon-emptywords, i.e.

= U xyr  and xt= U yn

n >0 n>1
Several words can be concatenated to a new wo@othcatenatiorof the wordsz andy puts the se-
guence of characters gfafter the sequence of characterscof.e.

T.Y=T1..-TmY1---Yn,

fr=21...0my=y1...y, fOraz;,y; € .

Concatenation of: andy produces a word of length + m if x andy have lengthn andm,
respectively. Concatenation is a binary operation on the’$eln contrast to the addition on numbers,
concatenation of words is nobmmutativeThis means that the word. y is , in general, different from
the wordy . x. Like the addition on numbers, concatenation of wordsssociativei.e.

z.(y.2)=(x.y). 2z forall z,y,z € 2*
The empty word is theneutralelement with respect to concatenation of words, i.e.
r.e=e.x == forall z € X*.

In the following, we will writezy for = . y.

For a wordw = zy with x,y € X* we callz a prefixandy a suffixof w. Prefixes and suffixes
are speciasubwords In general, wordy is a subword of wordu, if w = xyz for wordsz,y € X*.
Prefixes, suffixes and, in general, subwordsadre calledproper, if they are different fromo.

Subsets of* are called (formaljanguagesWe need some operations on languages. Assume that
L, Ly, Ly C X* are languages. Thaion L, U L, consists of all words fronk; andL»:

Ly LQ:{wEZ*|wEL10derw€L2}.

The concatenation’;. L, (abbreviated.; L») consists of all words resulting from concatenation of a
word from L with a word fromL.:

L1 .L2 = {Z‘y | S Ll,y € L2}
ThecomplemenL of languagél. consists of all words ir£* that are not contained if:
L=5"—1L.

For L C X* we denotel.” as then-times concatenation df, L* as the union of arbitrary concatena-
tions, andL™ as the union of non-empty concatenationd.of.e.

L™ ={wy...w, |wy,...,w, € L}
L* ={wy...w, | In>0.wy,...,w, € L} =

n

n

vCivC

OL
Lt ={wy...w, | In>0.wy,...,w, € L} = 1L

n

The operatiorf_)* is calledKleene-star
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Regular Languages and Regular Expressions

The languages described by symbol classes as they are isetbfy the scanner are non-emagular
languages

Each non-empty regular language can be constructed stavitiim singleton languages and applying
the operations union, concatenation, and Kleene-Stam&lby, the set of altegular languagesver an
alphabet? is inductively defined by:

The empty sefl and the sefc}, consisting only of the empty word, are regular .
The setga} for all a € X are regular ovel.

Are R, and R, regular languages over, so areR; U Ry, and Ry R».

Is R regular overy, then alsaR*.

According to this definition, each regular language can leeifipd by a regular expressidrRegular
expressiorover X' and the regular languages described by them are also defidectively:

e () is aregular expression over, which describes the regular langudge
e is aregular expression ovel, and it describes the regular langudgeé.

e Foreach: € X is a a regular expression over that describes the regular languggs .

e Are r; andry regular expressions over that describe the regular languagesand R, respec-
tively, then(ry | r2) and(r1r2) are regular expressions ovErthat describe the regular languages
Ry U Ry andR; Ry, respectively.

e Isr aregular expression over, that describes the regular langudgethenr* is a regular expres-
sion overY' that describes the regular language

In practical applications;? is often used as abbreviation for | ) and sometimes also" for the
expression{rr*).

In the definition of regular expressions we assumed thatyh#sls for the empty set and the
empty word were not contained B, similarly to the parentheseds) and the operatorsand: and
also?, +. These characters belong to the description mechanisredotar expressions and not to the
regular languages described by the the regular expresdibeyg are calledneta characterslowever,
the set of representable characters is limited, so that soeta characters may also appear in the
described regular languages. A programming system gemgistanners from descriptions given as
regular expressions needs to make clear when such a chasaeteneta character and when it is
a character of the language. One way to do this is tiesmmpe characterdn many specification
languages for regular languages theharacter is used as escape character. For example, teeapre
the meta charactéralso as a character of the alphabet one would precede it Witl$e, in a regular
expression, the vertical bar would be represented.as

We introdce operator precedences to save on parenthese®-dperator has the highest prece-
dence, follwoed by the Kleene-star)*, and then possibly the operator)*, then concatenation and
finally the alternative operator

Example 2.2.1 The following table lists a number of regular expressiometber with the languages
described by them, and some ot even all of their elements.

regular expressiofdescribed languagelements of the language
alb {a,b} a,b

ab*a {a}{b}*{a} aa, aba, abba, abbba, . . .
(ab)* {ab}* g, ab, abab, . ..

abba {abba} abba O

Regular expressions that contain the empty set as symbdlecaimplified by repeated application of
the following equalities:

0=
0=

*

r
=0

S 03

r
r

=
oS =
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The equality symbol, '=", between two regular expressiorans that both describe the same language.
We can prove:

Our applications only have regular expressions that deseron-empty languages. No symbol to de-
scribe the empty set is, therefore, needed. The empty worddded to represent empty alternatives.
The7-operator suffices to represent this. No extra representafithe empty word is needed.

Finite-State Machines

We have seen that regular expressions are used for the sp#aifiof symbol classes. The implemen-
tation of recognizers uses finite-state machines (FSMsite-state machines are acceptors for regular
languages. They maintain one state variable that can okdyda finitely many values, thetatesof

the finite-state machine. Fig. 2.1 shows that furthermond$-Bave an input tape and an input head,
which reads the input on the tape from left to right. The wogof the FSM is described byteansition
relation A.

Input tape _

(T T ITT T T
—

State

A

Control Y

Fig. 2.1. Schematic representation of a finite-state machine.

Formally, we represent aon-deterministic finite-state machine (withransitions)(NFSM) as a
tuple M = (Q, X, A, qo, F') where

Q is afinite set oktates

X is a finite alphabet, thimput alphabet

qo € Q is theinitial state,

F C Q is the set ofinal statesand

ACQ x (XU{e}) x Qs thetransition relation

A transition (p, z,q) € A expresses that/ can change from its current stgieinto the statg;. Is
x € X thenx must be the next character in the input and after readitg input head if moved by one
character. |s: = ¢ then no character of the input is read upon this transititve. ilput head remains at
its actual position. Such a transition is calleg-ansition

Of particular interest for implementations are finite-statachines without-transitions, which in
addition have in each state exactly one transition unden eharacter. Such a finite-state machine
deterministic finite-state machif®FSM). For such a DFSM the transition relatighis a Funktion
A:Qx X — Q.

We describe the workings of a DFSM in comparison with a DFSkEduss a scanner. The descrip-
tion of the working of a scanner is put into boxes. A deterstinifinite-state machine should check

whether given input words are contained in a language oltatcepts the input word if it arrives in a
final state after reading the whole word.
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A deterministic finite-state machine used as a scanner degcses the input word into a sequence of
subwords corresponding &ymbolsof the language. Each symbol drives the DFSM from its injtial
state into one of its final states.

The deterministic finite-state machine starts in its ihgtate. Its input head is positioned at the begin-
ning of the input head.

‘ A scanner’s input head is always positioned at the first nbtgaesumed character.

It then makes a numnber of steps. Depending on the actualastdtthe next input symbol the DFSM
changes its state and moves its input head to the next charélse DFSM accepts the input word when
the input is exhausted and the actual state is a final state.

Quite analogously, the scanner performs a number of stepepdrts that it has found a symbol jor
that it has detected an error when no further step is possible
If the actual state is not a final state and there is no tramsithder the next input character the scanner
returns to the last input character that brought it into d ftete for some symbol class. It delivers as

value this class together with the newly consumed prefix@friput. Then the scanner restarts injthe

initial state with its input head positioned at the first net gonsumed input character. The scanner
has detected an error if by rewinding the last transitiodsés not find a final state.

Our goal is to derive an implementation of an acceptor of aleedanguage out of a specification
of the language, that is, to construct out of a regular exgiwas a deterministic finite-state machine
that accepts the language described by a first step, amon-deterministidinite-state machine faris
constructed that accepts the language described loya second step this is made deterministic.

A finite-state machind/ = (Q, X, A, qo, F)) starts in its initial statgy, and non-deterministically
performs a sequence of stepganputationunder the given input word The input word is accepted if
the computation leads to a final state,

The future behavior of a finite-state machine is fully detieed by its actual state € @ and the
remaining inputwv € X*. This pair(¢, w) makes up theonfigurationof the finite-state machine. A
pair (g0, w) is aninitial configuration Pairs(q, £) such thay € F arefinal configurations

Thesteprelation - is a binary relation on configurations. Fpp € Q,a € YU {c} andw € X*
holds (¢, aw) k-, (p,w) if and only if (¢,a,p) € Aanda € X U {}. i—fw denotes the reflexive,
transitive hull of the relatiort; . The language accepted by the finite-state machinie defined as

L(M) = {w € X*|(qo, w) 5, (qr,¢) with g5 € F'}.

Example 2.2.2 Table 2.1 shows the transition relation of a finite-state mrae M in the form of a
two-dimensional matri¥’y,;. The states of the FSM are denoted by the numbers , 7. The alphabet
is the sef{0,...,9,., E,+, —}. Each row of the table describes the transitions for one®ftthtes of
the FSM. The columns correspond to the charactefsin{c}. The entryT’y;[q, 2] contains the set of
statesp such that(q, z,p) € A. The statd) is the initial state{1,4, 7} is the set of final states. This
FSM recognizes unsignéewt- andfloat-constants. The accepting (final) state 1 can be reachedghro
computations otnt-constants. Accepting states 4 and 6 can be reached flodeconstants. O

A finite-state machiné/ can be graphically represented as a fititssition diagram A transition
diagram is a finite, directed, edge-labeled graph. The cestof this graph correspond to the states
of M, the edges to the transitions &f. An edge fromp to ¢ that is labeled withz corresponds to

a transition(p, z, ¢). The start vertex of the transition diagram, correspondinthe initial state, is
marked by an arrow pointing to it. Thend verticescorresponding to final states, are represented by
doubly encircled vertices. Av-pathin this graph for a wordv € X* is a path from a vertey to a
vertexp, such thatw is the concatenation of the edge labels. The language @&ttbpil/ consists of

all words inw € X*, for which there exists a-Weg in the state diagram frogg to a vertexg € F'.

Example 2.2.3 Fig. 2.2 shows the transition diagram corresponding to thitefstate machine of ex-
ample 2.2.2. O
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(7]l @ | [B]+-]c]
0 || {12y | {8y | 0 0 )
1 1 0 0 0| {4
2 2y | {4y | 0 0 0
3 {4} 0 0 0 )
4 {4} 0 | {5} 0 | {7
5 0 0 0 | {6} | {6}
6 7 0 0 0 0
7 7 0 0 0 0

Table 2.1. The transition relation of a finite-state machine to recpgninsignednt- andfloatconstants. The first
column represents the identical columns for the digits0, . . . , 9, the fifth the ones for and—.

digit

digit

o 00

Fig. 2.2. The transition diagram for the finite-state machine of Exi@2®2.2. The characteligit stands for the set
{0,1,...,9}, an edge labeled wittligit for edges labeled with, 1, . . . 9 with the same source and target vertices.

Acceptors

The next theorem guarantees that a non-deterministic -fitétie machine can be constructed for a
regular expression.

Theorem 2.2.1 For each regular expressieover an alphabeY there exists a non-deterministic finite-
state machind/, with input alphabet”, such that.(),) is the regular language describediby

We now present a method that constructs the transition amagf a non-deterministic finite-state ma-
chine for a regular expressienover an alphabe¥. . The construction starts with an edge leading from
the initial state to a final state. This edge is labeled with

r will be decomposed according to its syntactical structare in parallel the transition diagram is
built up. This is done by the rules of Fig. 2.3. They are agpliatil all remaining edges are labeled
with (), € or characters fron’. Thenm, the edges labeled withare removed.

The application of a rule replaces the edge whose label ishradtby the label of the left side
by a corresponding copy of the subgraph of the right sidectxane rule is applicable for each
operator. The application of the rule removes an edge ldbeith a regular expressionand inserts
new edges that are labeled with the argument expressiohs otitermost constructor in The rule for
the Kleene-star inserts additiorrabdges. This method can be implemented by the followingnairog
shippet if we take natural numbers as states of the finite-stachine.
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@@ w» ® O

@O0 B OO

O~ =

Fig. 2.3. The rules for the construction of a finite-state machine fgular expression.

trans «— 0;
count «— 1;
generate(0,r, 1);

return (count, trans);

The settrans globally collects the transitions of the generated FSM,thedjlobal countetount keeps
track of the largest natural number used as state. A call togepuregenerate for (p, 7/, ¢) inserts all
transitions of a finite-state machine for the regular exgogs”’ with initial statep and final state into
the settrans. New states are created by incrementing the coumtett. This procedure is recursively
defined over the structure of the regular expression

void generate (int p, Exp /,int ¢) {

}

switch (') {

case (r1 | o) :

case (r1.13) :

case 1] :

case () :

case r :

generate(p, 71, q);

generate(p, 2, q); return;

int ¢1 «— ++count;

generate(p, 71, q1);

generate(q1, 72, q); return;

int ¢1 «— ++count;

int qo «— ++count;

trans < trans U {(p, e, q1), (q2,€,4), (¢2,£,q1)}
generate(q1, 71, g2); return;

return;

trans — trans U {(p, z,q)}; return;

Exp denotes the type 'regular expression’ over the alphaheéive have used aaJa -like program-
ming language as implementation language. $échstatement was extended pgttern matching

to elegantly deal with structured data such as regular ssjes. this means that patterns are not only
used to select between alternatives but also to identifygbatructures.

A procedure callgenerate(0,r, 1) terminates aftern rule applications where is the number of
occurrences of operators and symbols in the regular expressif [ is the value of the counter after
the call, the generated FSM hég, ..., [} as set of states, where 0 is the initial state and 1 the only
final state. The transitions are collected in thetsets. The FSMM,. can be computed in linear time.
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Example 2.2.4 The regular expressiof(a | 0)* over the alphabefa, 0} describes the set of words
{a,0}* beginning with aru. Fig. 2.4 shows the construction of the state diagram of a tiBBaccepts
this language.

O

O a(al0)* applied rule
@ a Kz\ (al0)* Q (K)

Fig. 2.4. Construction of a state diagram for the regular expressian 0)*

The Subset Construction

For implementationgjeterministidinite-state machines are preferable to non-determirfisite-state
machines. A deterministic finite-state machihehas no transitions underand for each paifq, a)
with ¢ € @Q anda € X, it has exactly one successor state. So, for each gtimtél/ and each word
w € X* it has exactly onev-path in the transition diagram @ff starting ing. If ¢ is chosen as initial
state ofM thenw is in the language aof/ if and only if this path leads to a final state f. Fortunately,
we have Theorem 2.2.2.

Theorem 2.2.2 For each non-deterministic finite-state machine one castoact a deterministic finite-
state machine that recognizes the same langudge.

Proof. The proof is constructive and provides the second step afeéheration method for scanners.
It uses thesubset constructiaiet M = (Q, X', A, qo, F') be an NFSM. Goal of the subset construction
is to construct a DFSNP (M) = (P(Q), X, P(A), P(q)P(F)) that recognizes the same language as
M. Forawordw € X* letstates(w) C @Q be the set of all statese @ for which there exists a-path
leading from the initial statg, to . The DFSMP (M) is given by:

P(Q) = {states(w) | w € X*}

P(qo0) = states(e)

P(F) = {states(w) | w € L(M)}

P(A)(S,a) = states(wa) for S € P(Q) anda € X' if S = states(w)

We convince ourselves that our definition of the transitiamction?(A) is reasonableTo do this we
show that for wordsv, w’ € X* with states(w) = states(w’) it holds thatstates(wa) = states(w’a)
forall « € X. It follows in particular thatV/ andP (M) accept the same language.
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We need a systematic way to construct the states and thé&ivaa®fP (M ). The set of final states
of P(M) can be easily constructed if the set of state®(#/) is known because it holds:

PF)={AeP(M)| ANF # 0}
For a setd C () we define the set af-successor state$ as

FZ.(S)={peQ|3qeS.(¢,e)F;, (p.e)}

This set consists of all states that can be reached fronsstateby «-paths in the transition diagram
of M. This closure can be computed by the following function:

set(state) closure(set(state) S) {
set(state) result — 0;
list(state) W « list_of(S);
state q,q';
while (W #[]) {
q — hd(W); W —tl(W);
if (¢ & result) {
result «— result U {q};
forall (¢': (¢q,e,¢') € A)
W —q =W;

}

return result;
}

The states of the non-deterministic finite-state machiaetrable fromA are collected In the setsult.
The listW contains all elements iresult whoses-transitions are not yet processed. As longlass
not empty, the first state from W is selected. To do this, functiohsl andtl are used that return the
first element and the tail of a list, respectivelyylalready contained iresult nothing needs to be done.
Otherwise is inserted into the seksult. The all transitiongq, €, ¢’) for ¢ in A are considered and
the successor statgsare added tdV. By applying the closure operatbZ,. (_), the initial stateP(qo)

of the subset automaton can be computed:

P(qo) = S = FZc({qo})

To construct the set of all staté¥ M) together with the transition functioR(A) of P(M), book-
keeping of the sef)’ C P(M) of already generated states and theset_ P(A) of already created
transitions is performed. Initially)’ = {P(qo)} andA’ = 0.

Forastated € Q' and each: € X its successor staté’ undera and@’ and the transitio(S, a, S”)
are added toA. The successor stat€ for S under a character € X' is obtained by collecting the
successor states of all states S undera and adding alk-successor states:

S = er({p € Q | 3q €S (Qaa7p) € A})

The functionnextState() serves to compute this set:

set(state) nextState(set(state) S, symbol x) {
set(state) S’ — 0;
state q,q';
forall (¢ : g€ S,(q,z,¢') € A) " — S"U{d};
return closure(q);

}
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The extensions a’ andA’ are performed until all successor states of the stat€$ imder characters
from X are already contained in the g@t. Technically, this means that the set of all stattgesand
the set of all transitionfrans of the subset automaton can be computed iteratively by thenimg
loop:
list(set(state)) W;
set(state) Sy — closure({qo});
states — {So}; W «— [Sol;
trans « (;
set(state) S,5’;
while (W # [)) {
q < hd(W); W —tl(W);
forall (z € X)) {
S’ « nextState(S, x);
trans < trans U {(S,z,5")};
if (S’ ¢ states) {
states — states U {S"};
W —Wu{s'}

a

Example 2.2.5 The subset construction, applied to the finite-state maabiifiexample 2.2.4 could be
executed by the steps described in Fig. 2.5. The states @RS to be constructed are denoted by
primed natural numbef®, 1’, .. .. The initial state)’ is the set{0}. The states i)’ whose successor
states are already computed are underlined. The Stat¢he empty set of states, i.e. tagor state It
can never be left.

Itis the successor state of a statendera if there is no transition underfrom ¢ heraus. O

Minimization

The deterministic finite-state machines generated fromlage@xpressions in the first two stepss are in
general not the smallest possible that would accept thexd@reguage. There might be states that have
the samecceptance behaviowe say, stateg andg of a DFSM have the same acceptance behavior if
the DFSM goes fromp andgq either under all input words into a final state or under alLingwords into
a non-final state. Led! = (Q, X, A, qo, F') be a deterministic finite-state machine. To formalize the
concept, same acceptance behavior, we extend the tranfsitiotionA : Q x X' — @ of the DFSM
M function A* : Q x X* — @ that maps each paiy, w) € @ x X* to the unique state in which
ends thav-path fromq in the transition diagram af/. The functionA* is defined inductively over the
length of words:

A*(g.e) =q und A*(g,aw) = A*(A(q,a), w)

forallq € Q,w € X* anda € Y. Statep, ¢ € Q have the same acceptance behavior if
A*(p,w) € F ifandonlyif A*(q,w) € F

In this case we writ@ ~j; ¢. The relation~,, is an equivalence relation @p. The DFSMM is called
minimalif the equivalence relatior- ), is trivial, that is, there are no states# ¢ in Q with p ~,/ g.
For each DFSM a minimal DFSM can be constructed, which is eméue up to isomorphism. This is
the claim of the following theorem.
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selected newy’ new (partial) DFSM

state

2/

U

w

{0, 17,3} mit /
r={123} - \@

{0’ 1,23} mit /C‘
={1,3,4} /
©AL Ja
' ' ' ' a/ 0
(0,1,2,3)} 0
SAC)

@ @
{0,1.2.3) / ’
e 0

a 0

Fig. 2.5. The subset construction for the NFSM of Example 2.2.4

Theorem 2.2.3 For each deterministic finite-state machiie a minimal deterministic finite-state ma-
chine M’ can be constructed that accepts the same langualje dhis minimal deterministic finite-
state machine is unique up to renaming of states.

Proof. For a deterministic finite-state machié = (Q, X, A, qo, F') we define a deterministic
finite-state machind!’ = (Q', X, A, ¢{, F') that is minimal. As set of states of the deterministic
finite-state machin@/’ we choose the set of equivalence classes of states of the DESiMder~ ;.
For a statey € @ let [¢],s be the equivalence class of statgwith respect to the relation , i.e.

v ={peQ|q~np}

The set of states a¥/’ is given by:

Q" ={lgm | g € Q}

Correspondingly, the initial state and the set of final stafel/’ are defined by

9o = laolm F' ={lglm | g€ F},

and the transition function of/ for ¢’ € Q' anda € X is defined by

A'(q.a) = [Alg,a)ln forag e Q suchthay’ = [qly.

One convinces oneself that the new transition functidns well-defined, i.e. that fofg1]as = [g2]m

it hO|dS[A(ql, a)]M =

[A(ge, a)]a for all a € X. Furthermore, one shows that

A*(q,w) € Fifandonlyif (A")*([¢]am,a) € F’
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holds for all¢ € @ andw € X*. This implies thatL(M) = L(M’). We claim that the DFSM
M’ is minimal. To show this we assume there were still stédelss # [¢2]n in M’ that had the
same acceptance behaviorf'. This would mean thatA’)*([¢1]a, w) € F’ holds if and only if
(A")*([ga]ar, w) € F'. Butthen also holdg\* (q;,w) € F ifand only if A*(go, w) € F. Thereforeq;
andg. would have the same acceptance behavidtin.e.q; ~ s g2. But since~,; is an equivalence
relation this means thég |a; = [¢2] s, Which is a contradiction to our assumptiort

We conclude thad/’ is indeed the desired minimal deterministic finites-stagehine. The practi-
cal construction of\/’ requires to compute the equivalence clasgpg of the relation~ ;.

Wereeachstate a final state, i.6) = I’ then all states were equivalent, afjd= [¢o]rs were the
only state ofM’.

Let us assume in the following that not every state is a firetesti.e.Q # F. The algorithm
manages atrtition I7 on the set) of the states of the DFSM/. A partition on the sef) is a set of
non-empty subsets @j, whose union i%).

A partition [T is calledstableunder the transition relatioA, if for all ¢’ € IT and alla € X there
isap’ € II such that

{A(g,a) lged} S
In a stable partition, all transitions from one set of thetiian lead into exactly one set of the partition.

In the partitioniI, the sets of states are managed of which we assume that thieytHesame
acceptance behavior. If it turns out that aget I contains states with different acceptance behavior
then the set/’ is split up. Different acceptance behavior of two stateandg; is recognized when the
successor state$(qq, a) andA(qz, a) foraa € X lie in different sets ofI. The partition is apparently
not stable. Such a split of a set in a partition is catifthemenbf /7. The successive refinement of the
partition I7 terminates if there is no need for further splitting of anyieehe obtained partitionl] is
stable under the transition relatiah

The construction of the minimal deterministic finite-statachine proceeds as follows: The parti-
tion I7 is initialized with IT = {F, Q\ F'}. Let us assume that the actual partitiinof the setQ) of
states ofM’ is not yet stable undef. Then there exists a sgt € IT and aa € X such that the set
{A(q,a) | ¢ € ¢’} is not completely contained in any of the setgine I7. Such a set’ is then split
to obtain a new partitiori/’ that consists of all non-empty elements of the set

{Heed | Alga) ep'} | P € 1T}

The partition/I’ of ¢’ consists of all non-empty subsets of states fgdinat lead unded into the same
sets inp’ € II. The sety’ in I1 is replaced by the partitioff’ of ¢/, i.e. the partition/I is refined to the
partition (IT\{¢'}) U II".
If a sequence of such refinement steps arrives at a stableéqueirt 17 the set of states o/’ has
been computed.
IT'=A{[qlm | g € Q}

Each refinement step increases the number of sets in parfitioA partition of the set) may only
have as many sets gshas elements. Therefore, the algorithm terminates aftiéslfirmany steps. The
proof that the minimal DFSM is unique up to renaming of st&dke subject of Exercise 9.0

Example 2.2.6 We illustrate the presented method by minimizing the deiistic finite-state machine
of Example 2.2.5. At the beginning, partitidh is given by

{{07, 3}, {1,2'} }

This Partition is not stable. The first sgt’, 3} must be split into the partitiofl’ = {{0"}, {3'}}. The
coreresponding refinement of partitidéhproduces the partition

{0}, {3}, {1, 2'}}

This partition is stable unded. It therefore delivers the states of the minimal deterntimfinite-state
machine. The transition diagram of the so constructed atéstic finite-state machine is shown in
Fig.2.6. O
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Fig. 2.6. The minimal deterministic finite-state machine of Exampk &

2.3 A Language for the Specification of Lexical Analyzers
We have met regular expressions as specifcation mechaaisyrhbol classes in lexical analysis. For
practical purposes, one often would like to have somethiagemmomfortable.

Example 2.3.1 The following regular expression describes the languageneignednt-constants of
Examples 2.2.2 and 2.2.3.

(0[1]213]4]5]6|7[8|9)(0[1|2(3[4[5]6]7|8]9)"

A similar specification ofloat-constants would stretch over three linesl

In the following, we will present some extensions of the figation mechanism that increase the
comfort, but not the expressive power of this mechanism.clés of languages that can be described
remains the same.

2.3.1 Character classes

In the specification of a lexical analyzer, one should be sblgroup sets of characters inttassesf
these characters can be exchanged against each othertvttamging the symbol class of symbols in
which they appear. This is particularly helpful in the caééagye classes, for instance the class of all
Unicodecharacters. Examples of frequently occurring charadéeses are:

alpha=a—zA—- 7
digit =0-—9

The first wo definitions of character classes define classasibyg intervals in the underlying character
code, e.g. the ASCII. Note that we need another meta char&ttéor the specification of intervals.
Using this feature, we can nicely specify the symbol clasdeftifiers:

Id = alpha(alpha | digit)*
The specification of character classes only uses three thataater, namely=",” —', and the blank.

Example 2.3.2 The regular expression for unsignied- andfloat-constants is simplified through the
use of the character class#igit = 0 — 9 to:

digit digit*
digit digit" F(+ | —)?digit digit” | digit*(.digit | digit.)digit*(E(+ | —)7digit digit")?
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2.3.2 Non-recursive Parentheses

Programming languages have lexical units that are chaizetby the enclosing parentheses. Exam-
ples are strings and comments. . Parentheses limiting comsroan be composed of several characters:
(x andx) or /«x andx/ or // and\n (newline). More or less arbitrary texts can be enclosed é& th
opening and the closing parentheses. This is not easilyidedc A comfortable abbreviation for this
is:

1 until T9

Let L1, Lo the languages described by bzw. o where L, does not contain the empty word. The
language described by thatil-expression is:

Ly Y*LyX* Ly
A comment starting with/ and ending at the end of line can be described by:

// until \n

2.4 Scanner Generation

Section 2.2 described methods to derive a non-deternurfistte-state machine from a regular ex-
pression, from this a deterministic finite-state machimel, #nally a minimal deterministic finite-state
machine. In what follows we present the necessary exterigiathe practical generation of scanners
and screeners.

2.4.1 Character Classes

Character classes were introduced to simplify regularesgions. They may also lead to smaller finite-
state machines. The character-class definition

alpha=a—z
digit =0—9

can be used to replace the 26 transitions between states lettdes by one transition undéu. This
simplifies the FSM for the expression

Id = alpha(alpha | digit)*

considerably. The implementation uses a mydpat associates each characi@vith its class or practi-
cally with a code for the class. This map is stored in an amdgxed by the character codes. The array
components contain the code for the character class. Im fidg to be a function each character must
be member of exactly one character class. Character classesplicitly introduced for characters that
don’t explicitly occur in a class and those that occur digeict a symbol-class definition. The problem
of non-disjoint character classes is resolved by refiniegclasses to become disjoint. Let us assume
that the classes,, .. ., z; were specified. The generator introduces for each intéosegt N ... N Zx

that is non-empty a new character clagsither denotes; or the complement of;. Let D be the set of
these newly introduced character classes. Each chardasseccorresponds to one of the alternatives
d; = (d;1 ] ... | dir,) of character classes . Each occurrence of the character class the regular
expression is then replaced By

Example 2.4.1 Let us assume we had introduced the two classes

alpha =a—2z
alphanum =a — 20 -9
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to define the symbol classkbs= alpha alphanum®. The generator would divide one of these character
classes into

digit’ = alphanum)\alpha

alpha’ = alpha N alphanum = alpha

The occurrence aflphanum in the regular expression will be replaced(aypha’ | digit’). O

2.4.2 An Implementation of theuntil-Construct

Let us assume the scanner should recognize symbols whosebkglass is specified by the expression
r = 7 until ro. After recognizing a word of the language for "uyr it needs to find a word of the
language for, and then halt. This task is a generalization of plagtern-matchingroblem on strings.
There exist algorithms for this problem that solve this peabfor regular patterns in time, linear in the
length of the input. These are, for example, used in thexdorogram EREP. They construct a finite-
state machine for this task. One could solve the task predaitove by starting such an automaton in
the final state of an automatadd; that recognizes the language fqr We will not do this, but present
an approach to construct such an automaton.

Let L1, Lo be the languages described by the expressipasdrs. The languagé. defined by the
expression; until ry is:

L =1L X*LaX™* Ly

The process starts with automata for the languageand L., decomposes the regular expression
describing the language, and applies standard constngdtoautomata. The process has the following
seven steps: Fig. 2.7 shows all seven steps for an example.

1. The first step constructs FSMg; and M- for the regular expressions, o whereL(M;) = L,
andL(Ms) = L. A copy of the FSM forl/, is needed for step 2 and one more in step 6.
2. AFSM M3 is constructed fob>* Lo, 3* using the first copy of/s.

OE
/Q—E' oM O HE@

The FSM M3 non-deterministically accepts all words ovEithat contain a subword frorhs.

3. The FSMMj3 is transformed into a DFSM/,, by the subset construction.

4. A DFSM Mj5 is constructed that recognizes the languageXfof. X *. To achieve this, the set of
final states of\/, is exchanged with the one of non-final states. Each statevidat final state is
now a non-final state and vice versa. In particuldy, accepts the empty word since according to
our assumptions ¢ L. Therefore, the initial state dif/5 also is a final state.

5. The DFSMM; is transformed into a minimal DFSM/. All final states of)M, are equivalent and
dead since it is not possible to reach a final stat&fefrom any final states a#/4. This error state
is removed.

6. Using the FSMs\/, M> for L, and Ly, and Mg a FSM M7 for the languagd.; X* Lo X* Lo is
constructed.

Mg €
SO M Or— ©Eg;:<3%©

From each final state af/; including the initial state of\/g, there is a-transition to the initial
state ofM,. From there paths under all wordse Lo lead into the final state af/;, which is the
only final state ofM.

7. The FSMM?~ is converted into a DFSM/g and possible minimized.
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@L»@i» NFSM for {zy}

NFSM for
X {ay X
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DFSM for
X {xy}X*
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DFSM forr {z} X*{zy} X*{zy}

Fig. 2.7. The derivation of a DFSM fot until zy with z,y, z € X.

2.4.3 Sequences of regular expressions

Let a sequence

70y -5 Tn—1
of regular expression be given for the symbol classes to ¢tgrézed by the scanner. A scanner rec-
ognizing the symbols in these classes can be generatedfolltheing steps:

1. Inafirst step, FSM8/; = (Q;, X, A, qo.i, F;) for the regular expressions are generated where
the@; should be pairwise disjoint.

2. The FSMsM; are combined into a FSM/ = (X, Q, A, qo, F') iby adding a new initial state,
together withe-transitions to the initial stateg ; of the FSMsA/;. The FSMM, therefore, looks
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as follows:

Q:{QO}UQOU---UQn—l f'ur ein quQou...UQn_l
F=FU..UF,_,
A:{(qO,E,QQJ‘)|0§Z.§7’L71}UA()U...UAH,1.

The FSMM for the sequence accepts tln@ionof the languages that were accepted by the FSMs

M;. The final state reached by a succesful run of the automatticeites to which class the found
symbol belongs.

3. The subset construction is applied to the F&Mresulting in a determinstic finite-state machine
P(M). A word w is associated with theth symbol class if it belongs to the language-gfbut to
no language of the other regular expressiong < i. Expressions with a smaller index are here
preferred over expressions with larger indices.

To which symbol class a word belongs can be computed by the DFIMM ). The wordw
belongs to the-th symbol class if and only if it drives the DFSW (M) into a state;’ C @ such
that

dNE,#0 und ¢ NF; =0 furallej <.

The set of all these statgSis denoted by .

4. After this stp, one may minimized the DFSR( ). During minimization, the sets of final states
F! andF} fori # j should be kept separate. The minimization algorithm shdblerefore, start
with the initial partition

n—1

H:{FO/vFllv7F7/1—17,P(Q)\1L:JOF1/}

Example 2.4.2 Let the following sequence of character classes be given:

digit=0-9
hex = A—F
The sequence of regular definitions
digit digit™

h(digit | hex)(digit | hex)*

for the symbol classedatconst andHexconst are processed in the following steps:

e FSMs are generated for these regular expressions.

The final staté, stands for symbols of the claBaconst, while the final statés stands for symbols
of the clasHexconst.
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e The two FSMs are combined with a new initial state
. digit oo

e The resulting FSM is then made deterministic:

Zi
(Y
digit
digit leglt
h A

@\4
hex Qhex

An additional state 4 is needed, the error state correspgridithe empty set of original states.
This state and all transitions into it are left out in the giéion diagramm in order to keep the
readability.

e Minimzation of the DFSM does not change it in this example.

The new final state of the generated DFSM contains the old sta&i, and, therefore, signals the
recoginition of symbols of symbol classtconst. Final state 3 containks; and, therefore, signals the
symbol clas$Hexconst.

Generated scanners always search for longest prefices i@rttaning input that leads into a final
state. The scanner will, therefore, make a transition ostate 1 if this is possible, that is, if a digit
follows. If the next input character is not a digit, the scanshould return to state 1 and reset its reading
head. O

2.4.4 The Implementation of a Scanner

We have seen that the core of a scanner is a deterministiestiaie machine. The transition function of
this machine can be represented by a two-dimensional detay. This array is indexed by the actual
state and the character class of the next input charactersé&lected array component contains the
new state into which the DFSM should go when reading thisadtar in the actual state. States and
character classes are coded at non-negative integersctessaaleltalq, ] is usually fast. However,
the size of the arragelta may be large. This DFSM often contains many transitionstinécerror state
error. We, therefore, choose this state as deéault valuefor the entries irdelta. It then suffices to
only represent transitions into non-error states. Thishinigad to a sparsely populated array, whcih
can be compressed using well-known methods. These savespach at the cost of slightly increased
access time. It should not be forgotten that the now emptyesntepresent transitions into the error
state. These are still relevant for the scanners erroctietecapabilities. Thus, this information must
still be available.

Let us consider one such compression method. Instead af the#roriginal arraylelta to represent
the transition function we represent it by an arRgwPtr, which is indexed by states and whose
components are addresses of the original rondettf, see Fig. 2.8.

We haven’t won anything, yet, but even lost access efficieAsysaid above, the rows afkelta
to which entries inRowPtr point are often almost empty. The rows will, therefore, bertaid into
a 1-dimensional arraielta in such a way that non-empty entriesdefta do not collide. To find the
starting position for the next row to be inserted ibtelta one can use thierst-fit-strategy. This row will
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RowPtr

Deltalg, a

Fig. 2.8. Representation of the transition function of a DFSM.

be shifted over the arrayelta starting at its beginning, until no non-empty entries o ttaw collide
with non-empty entries already allocatedDalta.
The index inDelta at which theg-th row of delta is allocated is stored iRowPtr[¢]. See Fig. 2.9.

Row for state;

Row for statep

== 7=

RowPtr Delta

o non-empty entries for state

E non-empty entries for staje

Fig. 2.9. Compressed representation of the transition function ofF 8&1.

One problem is that the represented DFSM has lost its alditgientify errors, that is, undefined
transitions. Let us consider an undefined enfiy, a), representing a transition into the error state.
However Delta[RowPtr[g] +a] might contain a non-empty entry stemming from a shifted rbastate
p # q. Another 1-dimensional arrayalid is added, whcih has the same lengtiba&a. It contains the
information to which states the entrieselta belong. This means th&talid[RowPtr[q] + a] = ¢ if
and only if A(q, a) is defined. The transition function of the deterministicdistate machine can then
be implemented by a functiarext() as follows:

State next (State q, CharClass a) {
if (Valid[RowPtr[g] + a] # ¢) return error;
return Delta[RowPtr[q] + al;

2.5 The Screener

Scanners can be used in many applications, even beyond tbesjplitting of a stream of characters
according to a specification by regular expressions. Healse,scanner generators are useful to auto-
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matically implement scanners. Scanner often can do moregihiting character streams, for instance
processing the tokens found in the stream.

To specify this extended functionality, each symbol clasy imave an associated semantic action.
A screener can, therefore, be specified as a sequence obptiesform

ro {action }

Th—1 {action,,_1}

where the-; are possibly extended regular expressions over chardagses specifying thieth symbol
class, and actigndenotes the semantic action to be executed when a symboisofléss is found.
The semanic actions are specified as code in a particulaapnoing language if the screener is to be
implemented in this programming language. Different leaggs offer different adequate ways to return
a representation of a found symbol. An implementation in Qidpfor instance, return aimt-value

as code for a symbol class. All other concerned values aredstoto global values. Somewhat more
comfort would be offered for an implementation of the scexén a modern object-oriented languages
such as &va. One could introduce a cla3sken whose subclass&s would correspond to the symbol
classes. The last statemenégiction; should be aeturn-statement returning an object of classwhose
attibutes would store all properties of the identified symboa functional language such a<@wL,
one could supply a data typeken whose constructors; correspond to the different symbol classes.
The semantic action actiprs written in the form of an expression of typeken whose value”;(. . .)
represents the identified symbol of class

Semantic actions often need to access the text of the agtmalad. Some generated scanners have
access to it in globalvariableyytext. Further global variables contain information such as th&tpn
of the actual symbol in the input. These are important forgiieeration of meaningful error messages.
Some symbols should be ignored bu the screener. Insteatuofireg such a symbol to the parser the
scanner would be asked for the next symbol from the inputekample, a comment might have to be
skipped or a compiler directive might be realized and the sgmbol be asked for. In a generator for
C oder &vA noreturn-statement would terminate the semantic actions.

A functionyylex() is generatd from such a specification. It returns the next®jmrvery time it is
called. Let us assume a a functigran() has been generated for the sequence. ., r,,_1 of regular
expression. It would store the next symbol as a string in hleaj variableyytext and return the number
1 of the class of ths symbol. The functigglex() might then be

Token yylex() {
while(true)
switch scan() {

case ( : actiong; break;

casen — 1 : action,_1; break;

default : return error();

}
}

The functiorerror() handles the case that an error occurs while the scannempastémdentify the next
symbol. If an actioraction; does not have geturn-statement the this action will resume execution at the
beginning of theswitchrstatement and reads the next symbol in the remaining iffatitloess possess
areturn-statement, executing it will terminate teeitch-statement, thevhile-loop and the actual call
of the functionyylex().

2.5.1 Scanner States

Sometimes it is useful to recognize different symbol clasipending on some context. Many scanner
generators produce scanners wattanner statesThe scanner may pass from one state to another one
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upon reading a symbol.

Example 2.5.1 Skipping comments can be elegantly implemented using scastates. For this pur-
pose, a distinction is made between a statenal and a stateomment.

Symbols from symbol classes that are relevant for the seosaate processed in statermal. An
additional symbol clas€ommentlinit contains the start symbol of a comment, €.g. The semantic
action triggered by recognizing the symbel switches to stateomment In statecomment, only the
end symbol for comments;/, is recognized. All other input characters are skipped. 3émantic
action triggered upon finding the end-comment symbol swidiack to stateormal.

The actual scanner state can be kept in a global varigBlate. The assignmenjystate < state
changes the state to the new statee. The specification of a scanner possessing scanner statdscha
form

Ap : class_listg

A1 class_list,_q

where class_list; is the sequence of regular expressions and semantic aétiostate A;. For the
statemormal andcomment of Example 2.5.1 we get

normal :
/* { yystate — comment; }
// further symbol classes
comment :

x/ { yystate «+ normal; }
{3}

The character stands for an arbitrary input symbol. Since none of the astfor start, content, or end
of comment has eeturn-statement no symbol is returned for the whole comment.

Scanner states only influence the selection of symbol dask&hich symbols are recognized. To
classify symbols according to scanner states the generptimcess of the functiopylex() can be
applied to the concatenation of the sequeriaes_list ;. The only function that needs to be modified is
the functiorscan(). To identify the next symbol this function has no longeedeterministic finte-state
machine but a particular oné/;, for each subsequeneéuss_list ;. Depending on the actual scanner
stateA; first the corresponding DFSI; is selected and used for the identification of the next symbol

2.5.2 Recognizing Reserved Words

Many possibilities exist for the distribution of duties tween scanner and screener and for the func-
tionality of the screener. The advantages and disadvasmtagenot easily determined. One example for
two alternatives is the recognition of keywords. Accordioghe distribution of duties given in the last
chapter, the screener is in charge of recognizing resenmatvas (keywords). One possibility to do
this is to form an extra symbol class for each reserved wagd 2710 shows a finite-state machine that
recognizes several reserved words in its final states. Regsé&eywords in C,A&va and CcAML have
the same form as identifiers. An alternative to recognizirggt in the final states of a DFSM is to let
the screener do it when it processes found identifiers.

The functionscan() will signal that an identifier has been found. The semantimaassociated
with the symbol clas&dentifier will then check whether and if yes which keyword has been foun
This distribution of work between scanner and screenerktepsize of the DFSM small. On the other
hand, an efficient way to recognize keywords should be used.

Identifiers are often internally represented by uniguevalues. The screener typically uses a hash
table to compute this internal code. A hash table suppoet®fficient comparison of a newly found
identifier with identifiers that have already been enterddriee The keywords should be entered into the
table before lexical analysis starts. The screener canderify strings with the same effort necessary
for other identifiers.
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“0—-0—-0—-@—>0—0
i@f
Z@n@t@
@ tE (@)
B @B B (D)

Fig. 2.10. Finite-state machine for the recognition of identifiers &agiwordsclass, new, if, else, in, int, float,
string.

2.6 Exercises

1.

2.

Kleene-Star

Let X be an alphabet and, M C X*. Show:

a) L C L*.

b) e € L*.

C) u,v € L* impliesuv € L*.

d) L*isthe smallest set with properties (1) - (3), that is, if a/gesatisfies:

LCM,ee Mand(u,v e M = uv e M)itfollows L* C M.

e) L C M impliesL* C M*.

) (L) =L".
Symbol classes

FORTRAN provides the implicit declaration of identifiers accordtogheir leading character. Iden-
tifiers beginning with one of the letteisj, k, [, m, n are taken amt-variables oint-function result.
All other identifiers denot#oat-variables.
Give a definition of the symbol classEkatld andintld.

. Extended regular expressions

Extend the construction of finite-state machines for regexaressions from Fig. 2.3 in a way that
it processes regular expressiorisandr? directly.r™ stands forr* andr? for (r | ).

. Extended regular expressions

Extend the construction of finite-state machines for regedaressions by a treatmentadunting
iteration, that is, by regular expressions of the form:

r{u — o} at leastu and at mosb consecutive
instances of
r{u—} at leastu consecutive instances of

r{—o} at mosto consecutive instances of
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10.

11.
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Deterministic finite-state machines
Convert the finite-state machine of Fig. 2.10 into a deteistimfinite-state machine.

. Sequences of regular definitions

Construct a deterministic finites-state machine for theisage of regular definitions:

bu (bu | zi)*
bu& (bu | zi)*
bu bu& (bu | zi)*

for symbol classekl, Sysld andComld.

. Character classes and symbol classes

Consider the following definitions of character classes:

bu =a-—z
zi =0-9
bzi=0]1
ozi=0—-7
hzi=0-9|A-F

and the definitions of symbol classes:

b bzi™

oozt

h hzi™

zit

bu (bu | zi)*

a) Give the partitioning of the character classes that arsragenerator would compute.
b) Describe the generated finite-state machine using thesacter classes.
c) Convert this finite-state machine into a deterministie.on

. Reserved identifiers

Construct a deterministic finite-state machine for thedisitate machine of Fig. 2.10.

. Uniqueness of minimal automata

Let M = (Q, X, A, q, F) a minimal deterministic finite-state machine with(A/) = L. Let
M = (Q, X, 4, q), F') another minimal deterministic finite-state machine witth/’) = L.
Prove that\/ and M’ are identical up to the renaming of states.

Define a relationvC Q x @’ with

q~q falls Vwe Xx*.A(qw)e F & A(d,w)eF).
Show that this relation relates each elemenfdb exactly one element i@’. Show in particular
thatgy ~ ¢, holds. Derive the claim from this.

Table compression
Compress the table of the deterministic finite-state machging the method of Section 2.2.

Processing of Roman numbers

a) Give aregular expression for Roman numbers.

b) Generate a deterministic finite-state machine from ggsilar expression.

c) Extend this finite-state machine such that it computesiéoémal value of a Roman number.
The finite-state machine can perform an assignmemnévariablew with each state transition.
The value is composed of the valuewfand of constantsw is initialized with 0. Give an
appropriate assignment for each state transition suchitbantains the value of the recognized
Roman number in each final state.
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12. Generation of a Scanner
Generate a OAML-functionyylex from a scanner specification inCAmL.
Use wherever possible only functional constructs.

a) Write a functiorskip that skips the recognized symbol.
b) Extend the generator by scanner states. Write a funatininthat receives the successor state
as argument.

2.7 Literature

The conceptual separation of scanner and screener wadapeaposed by F.L. DeRemer [DeR74].
Many so-called compiler generators support the generatiecanners from regular expressions. John-
son u.a. [JPARG68] describes such a system. The corresgpraditine under Wix, LEX, was realized
by M. Lesk [Les75]. EEX was implemented by Vern Paxson. The approach describedsiotthpter
follows the scanner generatorLIX for JAVA.

Compression methods for sparsely populated matrices pgémerated in scanner and parser gen-
erators are described and analyzed in [TY79] and [DDH84].



