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Term rewriting is an important part of many optimizing compilers: the compiler engineer specifies a set of
rewrite rules, and the compiler applies them to simplify programs. A rule set is convergent (confluent and
terminating) and complete if every term reaches, under any rule application order, a unique normal form
that ideally is the smallest term among all semantically equivalent terms. Such rule sets are hard to construct
manually, so compilers rely on rule sets without guarantees and heuristic application orders, or on equality
saturation, which explores all rewrites in an e-graph but loses its guarantees when time or memory runs out
before saturation, which is not uncommon in practice.

We present Compass, an algorithm that synthesizes rewrite rule sets that are convergent and complete for
all ground terms up to a given size. Compass builds the rule set inductively over the term size and uses the
system synthesized so far to prune the enumeration of candidate terms. We prove ground convergence and
ground completeness and mechanize the proof in Lean. For theories with a finite universe, Compass provably
terminates with a rule set that is convergent and complete for ground terms of all sizes.

In our evaluation on boolean, integer, and bitvector theories, greedy rewriting with Compass’s rule sets
simplifies terms better and faster than equality saturation. Compass also compares favorably against Ruler
and unfailing Knuth-Bendix completion in synthesis time, rule coverage, and simplification power.

1 Introduction

Term rewriting is an important part of the optimizer of many compilers (e.g. [Lopes et al. 2015]).
Moreover, rewriting plays a central role in optimizing programs written in domain-specific lan-
guages (e.g. [Hagedorn et al. 2020; Jia et al. 2019; Ragan-Kelley et al. 2013]). A rewrite rule is a pair
of terms (¢, r), written £ — r, expressing that the left term ¢ can be transformed to the equivalent
right term r. Optimizing by term rewriting is attractive because it makes optimization declarative:
the compiler writer merely has to specify a set of rewrite rules but does not have to care about
when and how the rules have to be applied.

Rewrite rules must be sound, meaning that ¢ and r have to be semantically equivalent. A set of
rules is terminating if for every term, each sequence of rule applications is finite. This means that
each term ¢ can be reduced by a finite set of rule applications to a term that cannot be reduced any
further. This term is called a normal form of t. A rule set is called convergent if each sequence of
rule applications applied to t always terminates in the same unique normal form. Convergence is
desirable because it means that it does not matter in which order we apply the rules: we always
get the same result. Termination is typically enforced by establishing that the rules are compatible
with a well-founded reduction order >, i.e. £ > r for each rule £ — r. Intuitively, this means that
rewrite rules can only simplify terms.

In addition to convergence, it is also desirable that a rule set is complete. Complete here means
that two semantically equivalent terms have the same normal form. Together with confluence, this
gives a very strong property: every term can be normalized to its semantically equivalent normal
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form by applying rules in any order. This normal form is then also the least (or optimal) term with
respect to the reduction order. Typically, complete and convergent rewrite systems are hard, or
even impossible, to obtain in practice. Therefore, compilers resort to manually engineered rule sets
and heuristics for rule application order, both of which may lead to suboptimal results.

One promising solution to the rule application order problem that has been studied extensively
in the past is equality saturation (EqSat) [Tate et al. 2011]. EqSat gives up on convergence and
applies all rules everywhere possible. It relies on an e-graph to represent equivalence classes of
terms by hash-consing to efficiently store all terms that originate from rewriting. EqSat stops when
the e-graph has saturated, i.e. no rule application yields a term that is not yet stored in the e-graph.
After saturation, an extraction algorithm is used to extract the best version of the optimized program
from the e-graph. In practice, however, EqSat rarely reaches saturation and has to be interrupted
due to excessive use of time or memory. In this case, even optimal extraction algorithms are not
guaranteed to extract the optimal program because not all possible rewrites have been carried out.

In this paper, we explore the automated generation of rule sets that are complete and convergent
for terms up to a given size with the goal of replacing compile-time expensive EqSat with simple
and efficient greedy rewriting.

Existing rewrite rule set generation approaches do not give such guarantees: Ruler [Nandi et al.
2021] focuses on generating rewrite rules for EqSat. Their focus is on generating small rule sets
that are as general as possible. Ruler’s rule sets specifically do not follow a term order as they aim
to be as general as possible. Therefore, they are not simplifying on their own but rely on EqSat to
rewrite to a “good” term.

Knuth-Bendix completion (KBC) [Knuth and Bendix 1970], and especially unfailing KBC [Bach-
mair et al. 1989], is a semi-decision procedure for the word problem, i.e. the question of deciding if
two terms are equal given an axiomatization (a set of equalities). The idea of KBC is to turn the
axiomatization into a rewrite rule set that is compatible with a reduction order so that equality can
be decided simply by rewriting. Hence, if it terminates, KBC, like Compass, produces complete
and convergent rule sets. It establishes convergence by making rules compatible with a reduction
order and by creating new equalities based on so-called critical pairs: two terms £, r for which there
is another term u such that £ «<— u — r. The new equality can then be turned into a rewrite rule if
one of the two terms is smaller than the other in the reduction order.

In terms of guarantees, Compass is similar to KBC: Compass takes a positive integer n as a
parameter and produces a rewrite system that is convergent and complete for all ground terms
of size < n. KBC guarantees convergence and completeness only for the final system and not for
intermediate systems up to a specific term size. Both approaches also share that they produce
rewrite rule sets that are compatible with a reduction order, which guarantees termination. The
algorithm of Compass itself is, however, significantly different from KBC. Compass enumerates,
like Ruler, terms that are candidates for left-hand sides of rewrite rules. It enumerates these terms
by size and uses several techniques to prune a significant portion of the enumeration space. It
relies on a decision procedure (an SMT solver) for equality to identify adequate right-hand sides for
left-hand side candidates, whereas KBC uses the critical pair construction to derive new rewrite
rules. The rationale of Compass is that convergence up-to-size-n is “good enough” for optimizing
large terms succinctly.

In summary, this paper makes the following contributions:

e We present Compass, an algorithm to automatically generate rewrite rule sets that are con-
vergent and complete up to a given term size. The algorithm builds the rule set incrementally
by enumerating left-hand sides in order of increasing size and uses previously generated
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rules to reduce the number of left-hand sides for which we have to synthesize right-hand
sides.

e We prove the algorithm correct (ground convergence and ground completeness of the
produced rewrite system, Section 4) and accompany the paper-and-pencil proof in this
paper with a mechanized proof in Lean.

e We show that for finite theories (e.g. bitvectors, booleans) there is always a term size k
such that the rewrite system Compass produces for k is convergent and complete for all
ground terms over this theory (Section 5). Therefore, for finite theories, Compass terminates.
However, for many practically relevant theories, this k is unrealistically high. We further
evaluate the complexity of Compass quantitatively and experimentally.

e In Section 6, we experimentally evaluate the simplification power of the rewrite systems
Compass generates in the setting of greedy rewriting on randomly generated terms of
various sizes (from 50 to 3000 nodes) on four different theories (boolean, integers, bitvectors
of size 4 and 32). Our experiments show that greedy rewriting using the “convergent and
complete up to size n” rewrite systems that Compass generates consistently simplifies terms
better and faster than EqSat-based rewriting.

The remainder of this paper is structured as follows: Section 2 reviews the important notions
from term rewriting that are necessary for the remainder of the paper. Section 3 gives a short
informal overview of the basic ideas of Compass. Section 4 discusses Compass in detail and develops
the algorithm based on several refinements to a simple base version. We accompany the treatment
with a proof of ground convergence and completeness. Section 5 proves that Compass can produce
ground convergent and complete rewrite systems for terms of all sizes for finite theories. It also
provides a quantitative evaluation of a run of Compass on the boolean theory that produces a ground
convergent and complete rewrite system for terms of all sizes. Section 6 contains the experimental
evaluation and a comparison to other tools and rewriting strategies. Section 7 discusses related
work. Section 8 and Section 9 conclude the paper.

2 Terms and Term Rewriting Systems

In this section, we review the basic notions of terms and term rewriting that are relevant for this
paper. For further details, we refer to Baader and Nipkow [1998]. A signature ¥ is a set of function
symbols, each associated with an arity. We write f/2 € ¥ to say that there is a function symbol f
with arity 2 in 3. If the arity does not matter in a particular context, we also write f € 3. Function
symbols of arity 0 are called constants.

Given a set of variables V and a signature 3, the set of 3-terms is recursively defined as:

e cach X € V is a term.
o ifty,...,t, are terms then f(t,...,1,) isatermif f/n € 2.

A term that does not contain any variable is called a ground term. We denote signature elements
with lower-case letters and variables with upper-case letters.
The size |t| of a term ¢ is defined to be the number of function symbols and variables of :

] = 1+ X0 4] ift=f(t,. .. th)
R otherwise
For each element a € ¥ UV, we write |t|, for the number of occurrences of « in t.

Semantics. A ground term gets a semantics through a model. A model A for a signature X consists
of a set A, called the universe of A, and a mapping [ -] # that assigns each function symbol f/n € ¥
a total function [ f] # : A" — A.
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A theory T restricts the set of possible models by fixing a universe and interpreting some of
the function symbols. It thereby splits the signature into an interpreted and an uninterpreted part:
3 =X W Xy. For example, in the theory of integers, the formula 2 + x contains the interpreted
constant 2, the uninterpreted constant (UC) x, and the interpreted function symbol +. Hence, a
theory 7~ can be described as a tuple (A, 2, [-] ) of a universe, a set of interpreted function
symbols, and an interpretation that gives each interpreted function symbol a semantics. Given a
model and a theory, a ground term ¢ is assigned a value [t ] # 7 by an interpretation:

[zt .t) a7 = f((tlar. ... [talar)  f= {[[T]]ﬂ ?fT €

[z]+ ifreZ;
We say that two ground terms s, t are semantically equivalent if the interpretations [[s]| #, and
[¢] .7 are equal for every model A of Xy and write s = t.

In a concrete application, for example a compiler, one uses uninterpreted function symbols,
especially UCs, to represent terms that are parameterized. For example, the term x + 1 could be
taken from a program in which x is a declared variable. Note that a UC is different from a variable
in a term as defined above: a UC x is a nullary element of the signature X whereas a variable X
is an element of V. Variables in the context of term rewriting are typically only used in left- or
right-hand sides of rewrite rules (see below). When a rewrite rule is matched to a larger term, the
variables of the left-hand side represent the subterms of the match. From now on, we will assume
that the only uninterpreted function symbols in our signature are constants.

Rewriting. A rewrite rule £ — r consists of two terms ¢ and r such that the variables in r are a
subset of the set of variables of #, and ¢ is not a variable. A reducible expression (redex) of a rule
¢ — rinatermt is a pair (p, o) of a position p and a substitution o. The position p (which we do
not define formally for the sake of brevity) identifies a subterm [¢], in t. The substitution o maps
the variables of ¢ to subterms of [t], such that fo = [t],. Rewriting ¢ by a rule R : £ — r means
identifying a redex (p, o) and replacing [t], in t by ro, yielding the new term ¢’. We then write
t —g t’. The requirement that the set of variables in the rule’s right-hand side must be a subset of
the left-hand side’s variables ensures that rewriting introduces no variables to the (ground) term ¢.
The requirement that ¢ is not a variable avoids rules which are always applicable.

A set of rewrite rules is called a term rewriting system (TRS). Given a term rewriting system S
and two terms t and t’, we write t — ¢’ if there exists a rule R in S such that t — t’. We write —*
for the reflexive transitive closure of —. A term ¢ is called

e reducible if there exists a rule R € S and a term t’ such that t —g t’.
e in normal form if it is not reducible.
o a normal form of some term ¢’ if ' —* t and ¢ is in normal form.

Two terms ty, t, are called joinable if there exists a term ¢t such that t; —»* t «* t,. A TRS is called:

o terminating if there is no infinite chain t; — £, — ---.
o locally confluent if for all terms t; < t — t5, t; and t; are joinable.
e confluent if for all terms t; «* t =" t, t; and t, are joinable.

It follows directly that in a confluent and terminating TRS, two terms #; «<>* t, have a unique
normal form. We then say that the TRS is convergent. Furthermore, Newman’s lemma states that if
a TRS is locally confluent and terminating, it is also confluent.

Definition 2.1 (Completeness). A convergent TRS is called complete if and only if for every pair of
semantically equivalent terms (¢, s), t and s have the same normal form.
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Compass: Synthesis of Term Rewriting Systems with Bounded Completeness 5

Reduction Orders. A reduction order > is an irreflexive, transitive, and well-founded order on
terms that is closed under substitutions (for all substitutions o: s > t implies so > to) and contexts
(for all terms u: s > t implies u(...,s,...) > u(...,,...)).

An important well-known fact is that if all rules in a TRS are compatible (¢ — r implies ¢ > r)
with a given reduction order, then all sequences of rule applications of the TRS always terminate,
and each term has a (not necessarily unique) normal form.

Definition 2.2 (Knuth-Bendix order). One prominent reduction order is the Knuth-Bendix order
(KBO). For the sake of brevity, we do not go into the full detail of how a KBO is defined (all details
can be found for example in [Baader and Nipkow 1998]). Important for this paper is that a KBO is
parameterized by a weight function w : X UV — R} that assigns a non-negative weight to each
function symbol, and a total order >y on the function symbols, called the precedence. Then, two
terms ¢, r satisfy ¢ > r if the following conditions are both satisfied:

(1) the number of occurrences of each variable in r is less than or equal to that in ¢, i.e.
|¢|x > |r|x for each variable X € V

(2) the weight function w lifted to terms is strictly greater on ¢ than on r (i.e. w(f) > w(r)),
where w(t) is defined as:

w(t) = Y w(f) - ltlp+ ) wo-ltlx,

fex Xev

where wy € R* is some positive constant that acts as the weight of a variable. If two terms
have the same weight, >y is used to try to break ties lexicographically. If that is not possible
(because some subterms contain variables), the terms are incomparable.

Each KBO is total on ground terms. To see this, consider two ground terms s and ¢: the first
requirement (variable occurrences of the right-hand side) is trivially fulfilled because ground terms
have no variables. The second requirement also applies: if w(s) = w(t), ties can always be broken
lexicographically due to the total order on the function symbols. Only terms with variables can be
unordered, for example X + Y # Y + X and Y + X X + Y. The reason is that, because there is no
order on variable symbols, ties cannot be broken lexicographically.

Definition 2.3 (Size-KBO). A KBO for which wy = 1 and w(f) = 1 for each f € X is called a
size-KBO.

Note that in a size-KBO, the term weight function w(#) is equal to the size of the term [¢|. When
using the symbol >, from now on, we mean some size-KBO. The rewrite rules Compass synthesizes
will always be compatible with such a size-KBO for a given precedence >x and therefore terminate.

3 Overview

Given the following ingredients

a theory (A, 2, [-] ) with decidable equality,

a finite set of k UCs Xy that together with ¥ forms the signature >,
a precedence >x over the symbols in ¥ = 2; W Xy,

a finite set of variables V,

some size n € N,

Property 1. Compass builds a TRS T, that is complete (and thereby terminating and conflu-
ent) for ground terms up to a given size n. In T, each ground term ¢ has one unique normal
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form which is, among all the (ground) terms that are semantically equivalent to ¢, the one that
is least with respect to the size-KBO induced by >5.

Compass follows the idea of related work [Nandi et al. 2021] of enumerating terms and con-
structing rules between enumerated terms based on semantic equivalence. However, in contrast
to Ruler, Compass uses the structure of the TRS it generates to avoid enumerating a significant
number of terms. Moreover, Compass is guaranteed to terminate on finite theories even though the
number of terms is infinite.

The fundamental idea of Compass is to build T, inductively: assume we have a ground complete
TRS T,_;. How can we extend T,_; to a ground complete system T,?

To keep things simple and to gain some intuition first, let us focus on ground terms only and
ignore variables (the elements of V) for now. To establish Property 1 in the box above for T, we
need to ensure that each term t of size n has exactly one normal form that is the >-least term
that is semantically equivalent to t. Conceptually, we investigate every term t of size n and reduce
it using the rules of T,_;. This will give us a set N; of normal forms of ¢t with respect to T,_;.
This set is well-defined because rewriting with T,,_; always terminates: as we will see, every rule
¢ — r € T,,_1 is >-compatible (i.e. £ > r), and > is well-founded. Note that T,_; is not necessarily
confluent on terms of sizes larger than or equal to n, only on terms of size less than n, by assumption.
Therefore, we might get, for each term ¢ of size n, multiple normal forms or even no normal form
at all in the case when ¢ is not reducible by T,,_;. Let us now examine the set N; more closely:

(1) Ny is empty. In this case, none of the rules in T,,_; was applicable to ¢. Hence, ¢ is a normal
form with respect to T,_;.

(2) N is not empty. Let us consider each t’ € N;. Note that ' cannot be larger than n because
each rule is >-compatible and therefore terms can never increase in size by rewriting. If the
size of ¢’ is less than n, then t’ is the >-least term that is semantically equivalent to ¢ by
induction. If the size of t’ is equal to n, it is a normal form with respect to T,_;.

The question now is if a term ¢’ of size n that is a normal form with respect to T),_ is also a normal
form in T},: since T}, is supposed to be ground complete up to size n, no two normal forms can be
semantically equivalent. If they were, they would be—by the nature of T,—reducible to a common
unique semantically equivalent normal form and therefore could not be normal forms themselves.
There are now two cases:

(1) There is another term t"* # t" of size less than or equal to n that is semantically equivalent
to t’ and a normal form with respect to T,,_;. Because > is total on ground terms, ¢ and t"
are ordered by >. Without loss of generality, let ¢’ > t”’. To preserve Property 1, we add a
rulet’ — t"”" to T,,.
(2) There is no such term. In this case ¢’ will be a normal form in T, and in fact a normal form
in Ty for all k.
These considerations give each rule £ — r we add to T,, the following properties:
(1) ris the >-least term that is semantically equivalent to ¢. This implies ¢ > r.
(2) ris a normal form of Ty for all k.
(3) £ is a normal form of T,,_;.
This gives us an important criterion to focus our enumeration of potential left-hand sides when we
build T, from T,_;:
Because the left-hand side ¢ of each rule is not reducible by T,,_;, the subterms of £ must be
normal forms in T,_;. Hence, instead of enumerating all terms of size n, we only enumerate all
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terms of size n that can be entirely constructed from the normal forms of T, _1, i.e. that have the
shape z(t1, ..., t) where the t; are normal forms of T,,_; of size less than n and 7 € X. This cuts
down the number of terms to be enumerated significantly.

Rules with Variables. Up to now, we have only considered rewrite rules in which the left- and
right-hand sides were ground terms. Such rules are only suitable for rewriting a host term bottom
up, always matching at the leaves. The reason is that a ground-term left-hand side only contains
uninterpreted or interpreted constants at its leaves and therefore cannot match a term in the context
of another one, e.g. x + 0 — x cannot match (y + z) + 0 whereas the rule X + 0 — X would reduce
(y+2)+0toy +z.

It is important to understand that variables in rewrite rules basically stand for arbitrary subterms
in the context of matching. Analogously, a rule with variables can also be seen as an infinite set of
rules in which each rule corresponds to a specific instantiation of the variables with ground terms.
Hence, rules with variables are more “powerful” because they subsume an infinite set of ground
term rules.

Compass can enumerate left-hand sides with variables as well. However, because some terms
with variables might not be ordered by >, we cannot always guarantee that there is a least normal
form for a term with variables. In that case, we have to resort to ground instantiations of that
left-hand side. For example, X + Y and Y + X are semantically equivalent, but they do not have a
unique normal form. Hence, there is no rewrite rule with either X + Y or Y + X as its left-hand
side. However, assuming Xy = {x,y, z} and z >y y >» x, we have the ground rules y + x — x + y,
zZ+x > x+z,andz+y - y+z

4 Compass

In this section, we present the Compass algorithm and investigate its properties. For the rest of the
paper, we assume the ingredients specified at the beginning of Section 3. We will develop the full
Compass algorithm step by step, adding a series of refinements that each make it more efficient. We
establish the correctness of each refinement at the end of the respective subsection. In these proofs
it is helpful to not prove Property 1 directly but to prove an invariant (Property 2) that implies
Property 1. This invariant hinges on the concept of a pre-normal form:

Definition 4.1 (Pre-normal form). Given a term ¢, a pre-normal form ¢* of ¢t is a term that is
semantically equivalent to ¢ (¢t = t*), less than or equal to ¢ in the KBO (¢ = t*), and >-minimal:
there is no term ¢’ that is semantically equivalent to ¢ for which * > t’.

Note that a term can also be a pre-normal form of itself. Eventually, some pre-normal forms will
become the normal forms of the TRS T,,. Note that the distinction between a pre-normal form and
a normal form is subtle: the notion of a normal form is based on an underlying TRS (a normal form
cannot be reduced with any of the rules in the TRS) whereas a pre-normal form is defined solely
with respect to a given term.

Note that a non-ground term can in general have multiple >~-incomparable pre-normal forms:
for example, X + Y + 0 has two pre-normal forms: X + Y and Y + X. Since X, Y are variables, both
pre-normal forms are unordered with respect to >~. However, for a ground term ¢, the pre-normal
form is unique because all terms that are semantically equivalent to ¢ are ground as well and all
ground terms are totally ordered by .

The general idea of T, is that each term ¢ of size at most n can be reduced to a pre-normal form t*:

Property 2 (Invariant of Compass). Given some n € N, each rule £ — r € T, is KBO-compatible
(¢ > r), semantics-preserving (I = r), and each normal form of a term of size at most n is one of its
pre-normal forms.
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Let us now establish that each TRS T,, that satisfies Property 2 also satisfies the central Compass
property (Property 1).

THEOREM 4.2. Given somen € N, each TRS T, that satisfies Property 2 is terminating for all terms
of size at most n and convergent for all ground terms of size at most n.

Proor. Termination. T, is terminating because all rules are KBO-compatible and a KBO is
well-founded.

Confluence on ground terms. Let t be a ground term of size |¢t| < n. By Newman’s lemma (see
Section 2), we know that a terminating TRS is (ground) confluent if and only if it is locally (ground)
confluent. We therefore show that T}, is locally ground confluent.

Suppose that v I t In, u. Since T, is terminating, u and v both have normal forms v’ and v’.
Since u’ is a normal form of u, it is also a normal form of ¢. As t is ground with |¢| < n, by Property 2,
u’ is a pre-normal form of t. This implies that u” is >-minimal. Similarly, v" is >~-minimal.

Because each rewrite rule in T, is KBO-compatible, no rewrite step can introduce a new variable
(cf. first criterion in Definition 2.2). Therefore, since ¢ is ground, u’ and v” are ground as well. As >
is total on ground terms, either u’ > v, v’ > v’ or u’ = v’. Because both u’ and v’ are semantically
equivalent to t, they are also semantically equivalent to one another. Hence, v’ > v’ or v’ > v’
would contradict the >-minimality of 4" and v’, which are both pre-normal forms of t. Therefore,
u’ = o’ which proves confluence.

Completeness on ground terms. Consider two ground terms s and t such that |s| < n and [t]| < n.
Assume s = t. By ground confluence and termination of Ty, s (resp. t) has a unique normal form s’
(resp. t'). Let us show that s’ = ¢’: since s’ is the normal form of s, by Property 2, s’ is a pre-normal
form of s. In particular, s’ is >-minimal. ¢’ is >-minimal as well by the same argument. As s and ¢
are ground terms, s’ and ¢’ are ground terms as well. Since > is total on ground terms, it follows
that either s” > t’,t' > s’ or s’ = t’. Moreover, s’ = t’ because s’ = s and t’ = t by preservation of
the semantics, and s = t by hypothesis. s’ > ¢’ would contradict the >-minimality of s" and ¢’ > s’
would contradict the >-minimality of ¢’; therefore, s’ = t’. s and t have the same unique normal
form. O

4.1 The Basic Algorithm

We will start with a very simple and inefficient algorithm to establish the core invariant of Compass.
The basic version of Compass relies entirely on a (presumably costly) oracle that can tell us some
pre-normal form for a given term ¢. For the sake of presentation, we require this oracle to be
deterministic: given a term t, the oracle will always answer with the same term ¢*. Note that this
requirement is not strictly necessary to prove Property 1 for T,,. Our Lean development does not
require a deterministic oracle.

Basic Algorithm. Enumerate all terms of sizes 1 to n. For each term t we enumerate, query the
oracle and get a pre-normal form ¢* of ¢t. Then add a rule t — t* to T, if t* # ¢.

THEOREM 4.3. The basic algorithm satisfies Property 2.

Proor. By the nature of the oracle, we get a pre-normal form t* for each term t we enumerate.
By the definition of a pre-normal form (Theorem 4.1), t* is less than or equal to t and semantically
equivalent. Since we add the rule only if ¢t # t*, the rule is >-compatible and semantics-preserving.
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Each right-hand side of a rule is also a normal form in T}, if there were a term ¢’ to which a
right-hand side t* could reduce in T}, then t* would not be KBO-minimal, which contradicts the
fact that t* is a pre-normal form. O

We will now present multiple refinements of this simple algorithm to reduce the number of rules
that have to be inserted and to reduce the number of terms that have to be enumerated.

4.2 Reducing the Number of Rules (Refinement 1)

The first extension to the simple algorithm of the previous subsection reduces invocations of the
oracle significantly by using induction:

Assume we have T,,_; that satisfies Property 2. Enumerate each term ¢ of size n. Before asking
the oracle, use the rules in T,_; to simplify t. This gives us a set N; of all normal forms of ¢ with
respect to T,,_;. As indicated in Section 3, there are the following cases:

(1) Ny is empty. Therefore, none of the rules in T,,_; was applicable to t. Hence, ¢t is a normal
form with respect to T,_;.

(2) N; is not empty. Let us consider each t’ € N;. Note that ' cannot be larger than n because
each rule is >-compatible and therefore terms can never increase in size by rewriting. If the
size of ¢’ is less than n, then t’ is the >-least term that is semantically equivalent to ¢ by
induction (T,_; satisfies Property 2, i.e. the normal form of a term with size less than n is
one of its pre-normal forms). If the size of t’ is equal to n, it is a normal form with respect
to Tn—l-

The case distinction shows that either we manage to reduce t to a term of size less than n, in which
case T,_1 allows us to reduce it to one of its pre-normal forms (because T,_; satisfies Property 2)
or we get a set of terms of size n that are normal forms with respect to T,_;. Note that the “or” in
the previous sentence is inclusive: both can be true. The reason is that multiple rules of T,_; might
match on t and that T,,_; is not necessarily confluent on terms of size n. Also note that each of
these terms of size n will itself appear in our iteration at some point.

Algorithmically, this means that for each enumerated term t we check if some rule of T,_4
matches. If yes, we do not have to do anything (because T,_; gets us to the desired normal form
already). If no, we ask the oracle for a pre-normal form t* of t. If t # t*, we add a rule t — t* to T,;
if not, t will be a normal form in T,. Note again that this means that the left-hand side of each
inserted rule is a normal form in T,_; and the right-hand side is a normal form in T for any k.

The following theorem formalizes this reasoning.

THEOREM 4.4. Given a TRS T,_; that fulfills Property 2, the TRS T,, that Refinement 1 builds from
T,—1 fulfills Property 2.

Proor. Consider an n and T, that has been built by Refinement 1 and assume T,,_; fulfills
Property 2. Consider arule £ — r € T,,. If £ — r € T,_, then, as T,_; satisfies Property 2, this
rule is KBO-compatible (£ > r) and semantics-preserving (¢ = r). Otherwise, £ — r € (T, \ T,-1).
The only case where a rule is added is case (1), when the pre-normal form ¢£* of ¢ is not £. The rule
¢ — ¢* has been added; by identification ¢£* = r. This means that r is the pre-normal form of ¢. By
definition of a pre-normal form, £ > rand ¢ = r.

Now consider a term ¢ of size || < n.

e If |t| < n, then no rule of (T, \ T,-1) can be applied to ¢, as the left-hand side of any such
rule has size n. This implies that all normal forms of ¢ (with respect to T,,) are also normal
forms of t with respect to T,,_;. As T,,_; fulfills Property 2, any normal form of ¢ is one of
its pre-normal forms.
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e Otherwise, |¢| = n. For all terms u < ¢, call H(u) the following property: “if u* is a normal
form of u, then u* is a pre-normal form of u”. We will show by induction on > (which is
well-founded) that H(u) holds for any u < t.

— Base case: Let u < t be >-minimal. As u is ~-minimal and rules are KBO-compatible, u is
its only normal form. u is a term of size at most n. If |u| < n, as T,,_; fulfills Property 2,
then u is a pre-normal form of u. Otherwise, |u| = n. In that case, N, is necessarily
empty, and the oracle returns u*, a pre-normal form of u. u* is semantically equivalent
to u, and u = u”. As u is >-minimal by hypothesis, u = u*. Therefore, u is a pre-normal
form.

— Induction case: Let u < t be a term such that for all terms v such that u > v, H(v) holds.
Let us show that H(u) holds. Let s be a normal form of u with respect to Tp,. I |s| < n,
then as T, fulfills Property 2, s is a pre-normal form of itself. Asu —* s, sis also a
pre-normal form of u (u = s, u = s and s is >-minimal). Otherwise, |s| = n.

* If u = s, then N, is empty, and the oracle was queried and returned some pre-
normal form of u called u*. Since u = s is a normal form, no rule has been added.
As N, is empty, case (1) applied, and as no rule was added, u = u* = s. Therefore,
s is a pre-normal form of u.
* Otherwise, u # s, and since u = s and the rewrites are KBO-compatible, u > s.
Since u > s, we can use the induction hypothesis on s: any normal form of s is a
pre-normal form of s. As s is a normal form, it is its own normal form. Hence s is
its own pre-normal form. As u —% s, s is a pre-normal form of u.
In conclusion, H(u) holds for any u < t, and in particular it holds for ¢.
Any normal form of ¢ is one of its pre-normal forms.

]

As Ty = 0 fulfills Property 2 (since there are no terms of size 0), we directly obtain that for any
n € N, the TRS T, that Refinement 1 builds fulfills Property 2.

4.3 Reducing the Number of Terms to Enumerate (Refinement 2)

This extension builds on the previous one but reduces the number of terms we have to enumerate
significantly. The considerations of Refinement 1 showed that whenever we add a rule to T, the
left-hand side of the rule is a normal form with respect to T,_;. Hence, instead of enumerating
every term of size n, we can limit ourselves to terms that are not reducible under T,_;. How can we
do that? The important observation is that for a term t of size n to not be reducible under T,_;, the
subterms of + must be normal forms of T,,_;. If t had a subterm that was not a normal form in T,,_,
that subterm would constitute a redex for a rule of T,,_;. Therefore, we can limit the enumeration
for T, to terms ¢ that have the following properties:

(ty, ..., tm) with |z(ty,...,tm)| =n,7/m € X, and each t; is a normal form in T,,_;

Note that such a term can, however, have one potential redex for a rule of T,,_; at the root. Therefore,
we need to check for each such term if there is a rule of T,,_; that matches the root of the term. If
so, we skip the term; otherwise, we get a pre-normal form from the oracle and insert a rule if the
pre-normal form is different from the term. The following theorem justifies this refinement.

THEOREM 4.5. Given some n € N, denote by T., the TRS that Refinement 1 builds and T2 the TRS
that Refinement 2 builds. Then T}, = T2.
Proor. We proceed by induction on n. The case n = 0 is immediate, as Ty = T3 = 0. For the

induction step, assume that T}l_l = Ti_l holds for some n € N*. We show both directions of the
set equality:
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Compass: Synthesis of Term Rewriting Systems with Bounded Completeness 11

T) C T% Take &y —» r; € T} If 64 > ry € T)_ |, thent; — r; € T2 | and finally f; — r; € T%.
Otherwise, f; — r; was added by case (1), with r; # #;. This implies that #; is not reducible by
T}l_l = Ti_l, and r; is a pre-normal form of #;. Since ¢ is not reducible by Ti_l, all of its subterms
must be irreducible with respect to Ti_l. All of the subterms of #; are therefore normal forms with
respect to T2_ . When those subterms were enumerated, they had to be their own pre-normal forms,
and case (1) applied, but no rules were added. Therefore, #; is a term of the form z(#y, ..., t;,) with
|t1] = n, 7 € ¥ and each t; is a normal form in T,,_. £; is thus enumerated in Refinement 2. When
enumerating #;, the oracle gives back the same pre-normal form of #; that it did in Refinement 1
(by determinism of the oracle), that is r;. By case (1) with #; # ry, the rule £ — r; belongs to TZ.

Ti - T},: Take £, — ry € Ti. If this rule is in Ti_l, then by the induction hypothesis it is in T:l_l
and then in TY. Otherwise, £, — r, was added to T? by case (1) with &, # ry, with & = 7(ty, ..., )
for 7 € %, t; normal forms with respect to T,_1, and |&| = n. £, is enumerated by Refinement 1, and
since Ny, is empty, the oracle is prompted. It returns the same pre-normal form of #, that it did in
Refinement 2 (by determinism of the oracle), that is r,. The rule & — r; is then added to T}, by

case (1) with & # rs. O

4.4 Breaking Symmetries during Enumeration (Refinement 3)

When enumerating terms with variables, many terms are equivalent up to renaming, such as
X +X+Yand Z + Z + X. We break these symmetries by enumerating only over the representatives
of the equivalence classes of terms up to renaming.

Similar symmetry breaking can be done for the UCs in Xy. For example, a rule similar to
y + x — x + y basically exists for every pair of elements x,y € Xy with y >5 x. Instead of
enumerating them all, we factor the set of terms by equivalence up to order-preserving renaming.
This necessitates a modification to the way we match the rules. For example, consider the rule
R:X+(b+a) > X+ (a+b),where X € Vanda <5 b <35 ¢ <y d € Zy. The rule matches the
term f(f(0)) + (d + b) with the substitution [f(f(0))/X] and the (order-preserving) renaming
[0+ d,a — b]. Applying this rule to the term, we obtain the term f(f(0)) + (b + d).

These two sentences changed More formally, we call amap p : £y — Zy a renaming on U C 2y
if it is order-preserving, i.e. forall a, b € U, a <y b implies p(a) <y p(b). With our slightly modified
matching policy, a redex of a left-hand side £ in a term ¢ is now a triple (p, o, p) such that [t], = top,
where o is a substitution and p a renaming of the UCs of ¢. All other definitions of the usual term
rewriting are modified accordingly. Note that this is strictly equivalent to performing the usual
term rewriting on a larger term rewriting system where there is one rule per possible (ordered)
tuple of UCs. For example, with this new definition, the TRS only containing the rule R has the
same rewriting power as the TRS with rules (applied in the traditional sense):

X+(b+a) > X+(a+b), X+(c+a)—> X+ (a+c),
X+(d+a)>X+(a+d), X+(c+b)—>X+(b+c),
X+(d+b)>X+(b+d), X+(d+c)—>X+(c+d)

We further assume that our oracle is renaming compatible: for any variable renaming o, renaming
p, and term t, (top)* = t*op where t* is the pre-normal form that the oracle provides for ¢.

THEOREM 4.6 (SUBSUMPTION). Given some n € N, denote by T2 the TRS that Refinement 2 builds
and T3 the TRS that Refinement 3 builds. Then for any rule ¢ — r € T2, there exist a variable renaming
o, a renaming p, and a rule ¢’ — r’ € T3 such that £ = ¢'cp andr =1’ op.

ProoF. Consider f —» r € T2. LetSy ={a; <az <...< a}and Uy == {a;, <aj;, <...<a;,}
be its subset of UCs appearing in ¢. Let o be the substitution mapping ¢ to its representative, and
p the renaming such that p(a;;) = aj forall 1 < j < m,and p(a) = aifa € (Zy \ Up). Then the
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term ¢’ := fop is enumerated by Refinement 3. The query to the oracle with ¢’ returns a term r’.
By the renaming compatibility of the oracle, ' =rop. As £ # r, we have ¢ # r’; therefore, £’ — r’
is a rule in T>. Call 0! the variable renaming such that for all X € dom(s),c"!(c(X)) = X, and
o7 1(X) = X otherwise. Similarly, call p~! the renaming such that for all a € U, p~!(p(a)) = a, and
p~1(a) = a otherwise. p~! is indeed order-preserving: take a, b € dom(p~!) = codom(p) such that
a < b. Then there exist c,d € U, such that ¢ = p~!(a) and d = p~1(b), i.e. p(c) = a and p(d) = b.
Since p is order-preserving, ¢ < d as otherwise a < b would be violated. Then, £ = #'c71p~! and
r=r'c”lp7L. O

THEOREM 4.7. Givenn € N, the TRST,, that Refinement 3 builds fulfills Property 2.

PrOOF. We first prove that T3 C T2. Consider a rule £ — r € T. Like all terms enumerated in
Refinement 3, ¢ is also enumerated in Refinement 2. By determinism of the oracle, in Refinement 2
the oracle answers r on the input £. As ¢ # r, the rule is added to T%.

As T3 C T?, any normal form with respect to T is a normal form with respect to T3. If a term
t of size at most n is not a normal form with respect to Tﬁ, then there existarule f — r € Ti, a
subterm s of ¢, and a substitution p such that s = £u. By subsumption (Theorem 4.6), there exist a
rule £/ — r’ € T3, a variable renaming ¢, and a renaming p such that £ = £’op and r = r’op. Then
s ={'opu=1{'(oo u)p (as p operates on UCs and p on variables, which are disjoint sets). s is, with
our new definitions, therefore an instance of £/ — r’, and therefore t is not a normal form with
respect to T>. In conclusion, the normal forms of terms of size at most n of T and T° are the same.

As T? fulfills Property 2, any normal form of a term of size at most n is one of its pre-normal
forms. As T? and T? have the same set of normal forms of terms of size at most n, it follows that
T3 fulfills Property 2. O

4.5 Implementing the Oracle

Assume we are currently enumerating terms of size n. The oracle returns a pre-normal form t*
for some term ¢. This pre-normal form can be of size n or smaller. By Property 2, for each term ¢,
there is a normal form ¢’ in T, that is a pre-normal form of ¢. Hence, the pre-normal form we are
looking for is either a normal form of size less than n that we have already encountered when we
enumerated terms of size less than n or it is one of the size-n terms we are currently enumerating.

The idea that Compass pursues to implement the oracle is to record all terms it classifies as normal
forms in a set, during term enumeration. Hence, when enumerating terms of size n, we already
have a set N,,_; of all normal forms of size less than n. To get the pre-normal form for some term ¢
we then check if there is a semantically equivalent term in N,,_;. (The function GETLEASTEQUAL in
Algorithm 1 implements exactly that and deterministically returns a >-least such term if it exists.)
If that is not the case, the pre-normal form might be another term of size n that we already have or
have not yet enumerated. Therefore, we table the term ¢ for later and revisit all tabled terms after
we have completed the enumeration.

Both for factoring the tabled terms and for quickly finding a semantically equivalent term in N,,_,
we use a hash table that uses the values of a term evaluated on a given set of input values as keys.
In general, the equality test must be done by a decision procedure for equality of the theory. In our
implementation, we use the Z3 SMT solver [De Moura and Bjerner 2008] to decide the equality
between two terms.

Because we also enumerate terms with variables, there are usually multiple normal forms that
are semantically equivalent but not >-comparable, e.g. X + Y, Y + X, x + y. Note that there is still
only one >-least ground term in each set of semantically equivalent normal forms because T, is
ground convergent.
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Algorithm 1 shows the final Compass algorithm including the refinements and the implementa-
tion of the oracle that we have discussed above.

Algorithm 1 The Compass algorithm

1: procedure Compass(m: N, 3, V, =)

2 if n =1 then

3 return (0, {t | t/0 € 2} UV) » All constants and variables are normal forms of size 1
4 else

5: (Tp—1,Ny—1) « Compass(n—1,%,V)

6 (Tna Nn) — (Tn—l, Nn—l)

7 C«{}

8 > We enumerate over terms filtered by the techniques we discussed in Refinements 2

and 3. =y is syntactic term equivalence up to renaming of variables. =5, is syntactic

term equivalence up to order-preserving renaming of UCs. <
9: fort e {r(t,....tm) | X2 Itil =n—-LTr €t € Nu-1}/=y /=, do
10: if rule in T,,_; matches the root of t then
11: continue
12: if t* <« GETLEASTEQUAL(N,,_1,t,=) and t # t* then
13: > If there is a semantically equivalent normal form of size less than n, add a rule. <
14: T, « T, U{t - t*}
15: else
16: > Otherwise, we table the current term for later <
17: C«— CU{t}
18: > Now, we consider all tabled terms, factored by semantic equivalence. For each such
term, there was no semantically equivalent normal form of size less than n. <
19: for E€ C/=do
20: > Put all normal forms in this class into N <
21: N « {t € E | existsno t’ € E such that ¢t > ¢’}
22: fort € E\ N do > For all non-normal forms
23: t* « GETLEASTEQUAL(N, t, =) > t* is such thatt* € N andt > t*
24: T, « T, U{t - t*}
25: N, — N, UN
26: return (T,, N,)

4.6 The Mechanized Proof

The mechanized correctness proof proves Property 1 directly for Algorithm 1. We combine con-
fluence, uniqueness, and completeness into one statement. The proof is monolithic and does not
follow the refinement structure of the paper, which we find more suitable for presentation. We
do not make use of determinism or renaming compatibility in the mechanized proof. The only
substantial difference is that we do not implement the oracle as described in Section 4.5 but rather
assume the oracle as an axiom.

4.7 A Comprehensive Example

To provide more intuition on how Compass works, we demonstrate the first rounds of Compass on
the minimal boolean theory B 3 s5,¢ := T | L | ~s | s & t with variables A, B and UCs a <y b. Each
box shows one iteration n: the terms built from smaller normal forms (enumerated, line 9), those



638
639
640
641
642
643
644
645
646
647
648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686

14 Marcel Ullrich, Titouan Lozac’h, Albert Greaca, and Sebastian Hack

that no rule matches at the root (candidates, line 10), and their outcome: new normal forms (green),
size-reducing rules (blue), and rules that keep the size but decrease in the KBO (orange).

enumerated 4 - candidates 4

New irreducible terms

A

At size 1, every term is a normal form (line 3): the variable A, the UC g, and the constants T and L.
We only enumerate a and A, as B and b are just renamings (Refinement 3). As we know nothing
about the general UC a and variable A, both are irreducible.

enumerated 4 - candidates 4

New irreducible terms

~A

Size-reducing rules
~L = T

At size 2, we build larger terms from the normal forms found at size 1 (line 9). This yields four
negated terms: ~ A, ~a, ~ T, and ~ L. For ~ L, the oracle finds the smaller equivalent normal form
T (line 12), so we add the size-reducing rule ~ L — T (line 14), and likewise ~ T — L. ~Aand ~a
have no smaller equivalent: they are tabled (line 17). Each forms an equivalence class of its own
(line 19) and becomes a normal form (line 21).

Size 3 enumerated 21 - candidates 21
New irreducible terms 4
A& B A&a a& A a&b

Size-reducing rules 6
~~A > A A&A > A | A&L—> 1 | A&T - A L&A —> 1
T&A - A

KBO-simplifying rules 1

b&a — a&b

Size 3 builds ~~ A, ~~ a, and 19 conjunctions of size-1 normal forms; no existing rule matches at
their roots yet. The oracle finds double negation (~~ A = A), idempotence (A & A = A), identity
(A & T = A), and domination (A & L = 1) with variables, e.g. ~~ A — A. Their UC instances, such
as ~~a or a & T, need no rule of their own because the variable rule ~~ A — A is more general.

Commutativity cannot be expressed at the variable level because the KBO cannot orient A & B
and B & A. For UCs, however, b & a > a & b: the equivalence class {a & b, b & a} (line 19) yields the
normal form a & b (line 21) and the rule b & a — a & b (line 24). A & a and a & A are both normal
forms, as neither is larger than the other according to .

The remaining 9 terms are subsumed by other rules discovered at this size (line 21): ~~a is
subsumed by ~~ A. Similarly,a & 1L, L & A, a& T, T &a, L& L, L& T,T& L,and T & T can be
simplified by other rules at size 3.

Size 4 enumerated 26 - candidates 18
New irreducible terms 11
~(A & B) ~(A & a) ~(a & A) ~(a & b) A& ~B A& ~a

a& ~A a& ~b b& ~a ~A&B ~a&A
Size-reducing rules 2
A&~A —> L ~A&A > L
KBO-simplifying rules 1
~A&a—> a&~A
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Size 4 generates the negations of the size-3 normal forms and conjoins size-1 with size-2 normal
forms in both orders, resulting in 26 terms. Now the root check prunes for the first time (line 10):
the eight conjunctions with T or L, such as ~A & L, are instances of size-3 rules, which leaves
18 candidates. The oracle finds the complement rules A & ~A — L and ~A & A — L. The pair
~A & aand a & ~ A can be oriented by the KBO, resulting in ~A & a — a & ~ A. ~ A has size at
least 2 and is therefore larger than any UC. Of the remaining 15 candidates, four are instances of
the new rules; the other 11 become normal forms.

The algorithm continues until size 61, resulting in 586,388 size-reducing rules, 1173 KBO-
simplifying rules, and 4445 normal forms. The largest normal forms are found at size 30. This
minimal boolean theory takes more iterations to saturate than our other boolean theory with |
(disjunction) and " (xor), as normal forms are expressed more verbosely.

5 Complexity

In this section, we quantitatively investigate the complexity of the TRSs that Compass generates.
We start with the result that Compass terminates for theories with finite universes and therefore
produces a TRS of finite size.

LEMMA 5.1. Every >-antichain of a size-KBO over a finite > and a finite V = {Xy,..., X, } is finite.

Proor. Consider a >-antichain T and assume it is infinite. Since only finitely many terms exist
per size, choose an infinite subsequence ty, t5, ... with strictly increasing sizes. Map each t; to
its variable-count vector (|t;|x,, ..., [tilx,) € N?. By Dickson’s lemma [Dickson 1913] there exist
i < j such that the variable-count vector of ¢; is (component-wise) less than or equal to that
of t;. Then, t; satisfies both KBO conditions over t; (see Section 2): the variable condition, and
w(t;) = |tj| > |ti| = w(t;), so tj > t; which contradicts the antichain assumption. )

THEOREM 5.2. If the universe A of the theory is finite, there is a k such that Compass(k’,...) =
Compass(k, ...) foreach k' > k.

Proor. Compass does not add new rules or normal forms if the set that it loops over in line 9 is
empty. This is the case when there are no more normal forms of sufficient size in N,,_; such that
terms of size n can be constructed. Assume that the number of normal forms Compass adds is finite
and let m be the iteration of Compass in which the last normal form is added, i.e. N,y = Ny, for
each m’ > m. If the signature’s highest arity is g, the set of line 9 will be empty forn > ¢-m + 1 at
the latest because we simply cannot construct terms of size n from normal forms anymore.

Now, each normal form we add corresponds to a function in AlVYZul 5 A If A is finite, the
number of functions in this set is also finite. If our rule set has variables, we might have multiple
semantically equivalent normal forms that are not totally ordered by . But all semantically equiva-
lent normal forms constitute a >-antichain, because GETLEASTEQUAL will always deterministically
return a least semantically equivalent term. Therefore, by Lemma 5.1, we can add only finitely
many normal forms per function. Hence, Compass adds only finitely many normal forms if A is
finite. O

Note that as a consequence we get a finite TRS that is convergent and complete for all ground
terms over 2, if the universe of the theory is finite. We experimentally confirm this by letting
Compeass derive a ground convergent TRS for terms over the theory of booleans with up to three
UCs in the next subsection.

5.1 Quantitative Investigation

To gauge the effectiveness of the refinements that we presented in Section 4, let us get an under-
standing of the total number of terms that there are for a given n. Given ¢ nullary, ¢; unary, and c;
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binary symbols in our signature, the total number T'(n) of terms of size n is given by the following
recursive formula:

n-2
T(n)=c;-T(n—1)+cy- Z (TG)-T(n-1-1)  T(1) =co
i=1
which closely resembles the Catalan' numbers. Using basic tools from analytic combinatorics [see
Flajolet and Sedgewick 2009], we derive a function to describe the number of terms asymptotically:

Vnd
The number of terms grows exponentially, and the base of the exponential is given by the number
of function symbols in each category.

Let us consider the boolean signature B of Fig. 2a with three UCs and no variables. According
to the formula above, the number of terms grows as 5(7"). Hence, for term sizes beyond 10, a
complete enumeration of all terms is not efficient anymore. Yet, Compass generates a TRS that is
complete and convergent for all ground terms over B.

Fig. 1 shows the number of terms enumerated and rules generated. The dotted line shows, as a
reference, the number of terms according to the above asymptotic approximation. The horizontal
axis indicates the term size or, equivalently, the iteration of Compass. The curve “terms enumerated”
gives the number of terms enumerated in each iteration of Compass. The curve “new KBO rules”
shows the number of inserted rules in which the right-hand side has the same size as the left-hand
side. The curve “new size rules” shows the number of added rules in which the size of the right-hand
side is strictly smaller than the size of the left-hand side. The two different rule sets correspond to
the two different locations in Algorithm 1 in which rules are added. The curve “new normal forms”
shows the number of normal forms added in the respective iteration. In total, there are 232 normal
forms. Note that there are 22° = 256 different boolean functions with three variables. The difference
of 256 — 232 = 24 comes from symmetry breaking, e.g. the three functions x, y, z appear as only
one normal form because they are equivalent modulo renaming.

One can see that the largest normal form has size 10 and, accordingly, we enumerate terms up
to size 21 which exactly corresponds to a term with a binary function symbol at its root and two
size-10 subtrees. According to the results we have established in Section 4, there cannot be any
rule with a larger left-hand side. After the iteration in which we find the last normal form, we also
do not generate any “KBO rules” anymore. That is consistent with our theoretical results as well
because the right-hand side of each rewrite rule is always a normal form in any T, where n is the
iteration in which the rule was added. Hence, if the last normal form we add has size k, all rules we
add in an iteration > k must have right-hand sides of sizes < k and therefore are “size rules”.

The resulting term rewriting system has |T| = 200,953 rules of which 1013 are “KBO rules” and
the rest are “size rules”. Our algorithm enumerates 201,185 ~ 2 x 10° terms in total. According to
the approximate total number of terms T(n), there are roughly 72! ~ 3 x 107 terms of size < 21.
Hence, Compass enumerates only a fraction of ~ 10712 of all possible terms and therefore avoids
enumerating a significant portion of terms. None of the enumerated terms is skipped in line 10: a
UC-only rule matches at the root only terms of its own size, and T,,_; contains only smaller rules.
Hence, each enumerated term becomes either a rule or a normal form (200,953 + 232 = 201,185).

If we add (three) variables, the graph looks very similar. However, in the beginning, we generate
fewer rules because left-hand sides with variables subsume UC-only rules. As the term size gets
larger, the number of terms that have to be enumerated is one to two orders of magnitude larger so
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(b) Boolean theory with three uninterpreted constants and three variables.

Fig. 1. Terminating runs of Compass.

18

20

22

24

that we eventually also add more rules (1,670,537 in total). Here, rules with variables also match
at the root of larger terms: 61.5% of the 12,433,926 enumerated terms are skipped in line 10. This

increase comes from rules in which variables and uninterpreted constants are mixed. The number of

normal forms is also higher because there are now different semantically equivalent but unorderable
normal forms such as x & X and X & x. Since terms with variables that cannot be oriented by
the KBO remain normal forms (Section 3), the largest normal form has size 11, so the system is

complete after size 23 with 2452 normal forms.

6 Experimental Evaluation

We structure our evaluation around six research questions:



834
835
836
837
838
839
840
841
842
843
844
845
846
847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862
863
864
865
866
867
868
869
870
871
872
873
874
875
876
877
878
879
880
881
882

18 Marcel Ullrich, Titouan Lozac’h, Albert Greaca, and Sebastian Hack

RQ1 How does Compass compare to Ruler in terms of rule coverage and synthesis time with
respect to rule size?

RQ2 How do UC-only rewrite systems compare to rewrite systems with variables in terms of
simplification power and TRS synthesis time?

RQ3 How does greedy rewriting compare to e-graph rewriting for term simplification when
comparing Compass’s against Ruler’s TRS?

RQ4 How do TRSs produced by unfailing Knuth-Bendix solvers compare against Compass’s
with respect to synthesis time and simplification power?

RQ5 How do greedy rewriting and e-graph rewriting scale with larger terms and rule size in
terms of simplification power and time and memory consumption?

RQ6 How do these results transfer to other theories?

In our experiments, we use the theories from Nandi et al. [2021] and an additional integer theory.
Fig. 2 shows the signatures of all theories we experiment on. We will discuss RQ1-RQ5 on the
boolean theory. On this theory, Compass terminates and produces a convergent and complete
rewrite system for all terms which allows for an in-depth discussion of Compass’s properties. RQ6
then discusses how well Compass’s simplification power and scaling transfer to other theories.

In our experiments, we use a simple greedy rewriter. Our greedy rewriter initially fixes an arbi-
trary order of rules and always applies the first rule that matches. To make rule matching efficient,
we use a discrimination tree [Sekar et al. 2001], a trie-like data structure. With a discrimination
tree, the rule matching time complexity depends only on the size of the largest rule and the size
of the signature but not on the number of rules. The greedy rewriter implements the augmented
UC-matching discussed in Section 4.4.

All experiments were run on an AMD Ryzen 7 3700X (Zen 2, x86_64) with 8 cores at 3.6 GHz
and 64 GB of RAM.

6.1 Synthesis Coverage and Scaling (RQT1)

We want to assess how strong the rewrite systems of Compass and Ruler are in terms of proving
power. That is, given two TRSs T and T’, we count how many rules of T one can prove by reducing
the left-hand side and the right-hand side of the rule to the same term using the rules in T. The
original Ruler paper [Nandi et al. 2021] used this experiment to assess Ruler’s derivability. We
replicate the experimental setup of Nandi et al. [2021] and use egg [Willsey et al. 2021] with
5 iterations of equality saturation to check if the left- and right-hand sides of a rule are equal under
the respective rewrite system.

We compare synthesis time and the rule count of the rewrite systems Compass synthesizes
against Ruler’s on the boolean theory in Table 1. Ruler synthesizes by term tree depth, while
Compass enumerates by number of term tree nodes. To make the results comparable, we determine

Bostu=~t|s&t]|sit]|s™t

(a) Boolean theory with Not, And, Or, and Xor.
BVostu=~t|—t|s+t]|s—t|sxt]

Iostu=—t|s+t|s—t]|sxt s<<t|s>t|s&t]|sit

(b) Integer theory with Negation, Plus, Minus, (c) Bitvector theory with Not, Negation, Plus, Minus,
and Multiplication. Multiplication, Shift Left, Shift Right, And, and Or.

Fig. 2. Theories for our terms.
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the size n of the largest left- or right-hand side of all rules Ruler generates and synthesize the
corresponding size-n system with Compass.

We derive Ruler’s rules with three variables and our rules with three UCs and no variables. Since
the e-graph does not require a KBO, we treat each uninterpreted constant in our rules as a variable.

Ruler Compass
Depth #Rules Time | Size # Rules Time | Ruler — Compass | Compass — Ruler
2 18 0.02s 5 124 <0.01s 100.00% 100.00%
3 27 0.08s 7 1332 <0.01s 99.85% 100.00%
4 33 25s 9 9385 0.11s 98.06% 100.00%
5 33 132s 9 9385 0.13s 98.06% 100.00%
6 35 740s 12 57,022 0.74s — —
- — 21 200,953 3.04s - —

Table 1. Coverage of Ruler’s and our rewrite systems

Compass covers all of Ruler’s rules at every depth. Ruler covers all of our size-5 rules, misses 2
of our 1332 size-7 rules (99.85%), and misses 182 of our 9385 size-9 rules (98.06%). From size 12 on,
Ruler’s coverage check cannot handle our number of rules.

Synthesis also scales better with Compass in both time and memory. Small systems up to size 7 are
essentially instantaneous for both tools. Ruler’s depth-6 system requires 740 s for 35 rules, whereas
Compass generates 57,022 rules at size 12 in 0.7 s. Compass derives the complete ground-convergent
boolean system of 200,953 rules at size 21 in 3.0 s. Note that this system has the full proving power:
it can decide equivalence of boolean formulas with up to three variables.

6.2 Adding Variables (RQ2)

Variable rules are desirable because they can match entire subterms. UC-only rewrite systems,
however, only match ground terms. Hence, a single variable rule subsumes many ground rules, e.g.
A & A — A subsumes every instance, such as (a " b) & (a"b) — a " b. We measure the effect of
including variables in our TRS on synthesis time and memory, and simplification power. We run
Compass once with three UCs alone and once with three variables added.

Size #RE&:CS On'lfyime #‘1;]1/11:: rla'tl)“liije UC-only w/ Variables
Size | #Rules | Time #Rules Time
i 2(6) g:gz 12 g:gz 13 | 89,827 | 1.1s 71,547 16.6s
14 | 119599 | 1.6s || 175,599 40.8's
Z 41153 g:gz 131(6) gigz 15 | 150040 | 2.1s || 350487 | 15min
| 1s32 | o 300 | 01c 16 | 171,394 | 2.5s || 577,677 | 2.9min
17 | 187,417 | 2.7s || 876,605 | 5.1min
81 43681 0.0s 1147} 0.2s 18 | 195,157 | 2.9s || 1,162,845 | 8.2min
9| 9385 | 0.1s| 1926 | 0.4s

19 | 199,225 | 3.0s || 1,424,581 | 11.7 min
20 | 200,521 | 3.0s || 1,574,849 | 14.8 min
all | 200,953 | 3.0s || 1,670,537 | 17.3 min

10 | 19,795 | 0.2s 4874 | 1.1s

11 | 36,988 | 0.4s 9992 | 2.4s

12 | 57,022 | 0.7s 31,417 | 6.9s
Table 2. Number of rules and cumulative synthesis time of Compass on the boolean theory, for the UC-only
and the variable setting. Sizes 3-12 (left) and 13-20 (right); “all” denotes the complete system, which is
reached at size 21 without and at size 23 with variables.

Table 2 reports the number of rules Compass finds together with the synthesis time for the
variable and the UC-only setting. With variables, we enumerate considerably more terms, 62X more
in total in the boolean theory. For smaller term sizes, we create fewer rules compared to the UC-only
system because one variable rule can subsume multiple UC-only rules. At some point, however,
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size are given in parentheses.

this shifts because the number of terms with variables that have to be enumerated is significantly
larger than the number of UC-only terms. Therefore, synthesis takes longer, for example 17.3 min
(w/ variables) versus 3.0 s (w/o variables) for the full boolean system.

The system with variables also has more normal forms: In a system with variables, there can be
multiple semantically equivalent normal forms (e.g. x & X and X & x), which is not possible in a
UC-only system.

We compare the simplification power of UC-only systems and systems with variables by greedily
rewriting 1000 random terms of size 500 using a small (size 5), a medium (size 9), and the complete
rewrite system. The random terms use up to three random constants and the operations from the
boolean signature. Figure 3 shows a cumulative plot of the term sizes after simplification.

Without variables, a larger TRS clearly has better simplification power. The median size of the
optimized terms goes from 423 at size 5 to 256 at size 9. For a given n, the size of the terms does not
vary a lot (the left and right ends of the curve are close together).

TRSs with variables have significantly better simplification power. The size-5 system with
variables (median 158.5) already surpasses the size-9 system without variables (median 256). The
size-9 system with variables reaches median 5 and reduces about 70% of the terms to near-minimal
form, though with greater variance across terms.

The complete system reaches the minimal form for every term (median 4, maximum 10); with and
without variables, the two curves coincide. The simplification time remains essentially independent
of the rule-set size. Adding variables is therefore advantageous for simplification, especially with
small rule sets, at the cost of higher synthesis time.

6.3 Rewriting Strategies (RQ3)

Greedy rewriting is much less expensive than e-graph saturation because it destructively updates
the subject term. However, if the TRS is not confluent, it is prone to getting stuck in a local
minimum. E-graph saturation does not have that problem because no intermediate term is ever
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Fig. 5. Comparison with Ruler on greedy (left) and e-graph (right) simplification of 1000 terms of size 50.
Median simplified term size and maximum term size are given in parentheses.

deleted. However, e-graph saturation is prone to hitting a memory wall because of just that. Ruler’s
goal is to generate a small rule set to avoid e-graph explosion, whereas Compass’s goal is to provide
a large rule set for greedy rewriting. In this section, we compare both rule synthesis techniques in
both rewriting settings: greedy rewriting and e-graph saturation.

Greedy rewriting. Figure 5 compares greedy rewriting on 1000 terms of size 50. Our uninterpreted-
constant system at size 5 (median 42) outperforms both Ruler systems (median 46). Our size-9
system is considerably stronger (median 23), and its distribution resembles that of variable rules on
larger terms. Ruler’s two systems basically give the same results. Their steep curves show that only
a few rules apply, each removing a large portion of the term.

Equality saturation. We build one e-graph per term and saturate for up to two iterations with
egglog [Zhang et al. 2023]; more iterations exhaust memory because of the associativity and
commutativity rules. We also apply our rules bidirectionally, orienting every admissible rule both
ways. Figure 5 shows that our rules improve over greedy rewriting (size-5 median 42 — 30).
Our size-5 system is stronger than both Ruler systems (median 36 and 34), and the bidirectional
version improves the result further (median 24). The improvement from bidirectional orientation
is consistent with our system being confluent only up to size 5. It is noteworthy that Compass’s
up-to-n rule set performs better in an e-graph than with greedy rewriting. We attribute this to two
reasons: first, the e-graph does not forget intermediate terms and can therefore compensate for
some of the “non-confluence” of the up-to-n systems. Second, because e-graphs put all terms that
originate from a term with rewriting into the same e-class, one basically gets the rewrites among
all of these terms for free, which could compensate for rules that are missing in the up-to-n system.
This way, the e-graph provides a relevant critical pair.

We omit the size-9 system, since egglog cannot handle that many rules.

Summary. In this experiment we used relatively small terms of size 50 because larger terms
regularly lead to memory exhaustion during e-graph saturation. On these small terms, the e-graph
gives better simplification power than greedy rewriting. Our size-5 system surpasses both Ruler
systems, which would require a deeper and more expensive saturation to match simplification
performance, which the memory explosion prohibits. Greedy rewriting is directed, matches rules
in near-constant time and applies to terms of any size. Choosing a larger rule set (here size-9 is
sufficient) and using greedy rewriting matches or outperforms e-graph simplification.
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Fig. 6. Simplification power of Compass compared to Twee on 500 random terms of size 50 with differently
sized rule systems. The synthesis time of the rule set is shown next to the nodes.

6.4 Comparison against Unfailing KBC (RQ4)

Beyond Ruler, we compare against Twee [Smallbone 2021], which synthesizes a ground-convergent
rewrite system by unfailing Knuth-Bendix completion based on an axiomatization of the boolean
theory we use in our experiments. We generate rules with Twee and, as for our own rules, apply
them greedily to 500 random terms of size 50 (Fig. 6). Compass both synthesizes faster and simplifies
more: at size 9, its rules reduce the terms to a mean size of 5.7 against Twee’s 24.2, while Compass’s
synthesis takes 0.43 s against Twee’s 45 s.

6.5 Scaling to Larger Terms and Rule Sets (RQ5)

Practical workloads involve large terms and large rule sets. We test both rewriting strategies, greedy
rewriting and e-graph saturation, in this regime.

Large terms. We measure how each strategy scales as the term size grows. We consider terms
of sizes 50, 100, 250, 500, 1000, 2000, 3000. For each size, we randomly generate 50 different terms
and simplify each term with both strategies. Greedy rewriting uses Compass’s full system, and the
e-graph uses Ruler’s depth-2 system. We limit the e-graph to 50,000 nodes and run until reaching
the node or memory limit. Figure 4 shows the results.

Greedy rewriting reduces the term to its minimal form for every size. The e-graph returns results
at every size but stays well above the optimum. The gap widens the larger the term is.

Greedy rewriting is also considerably less time-consuming: 50 terms of size 1000 take 0.12 s with
greedy rewriting versus 42 s with the e-graph. Two effects degrade the e-graph on large terms:
the associativity and commutativity rules enlarge it rapidly, and its undirected search reduces
simplification quality.

Rule-set size. Our complete systems contain hundreds of thousands of rules. For greedy rewriting,
however, the number of rules is irrelevant because of the discrimination tree. Even our largest
systems apply without difficulty to very large terms. Egglog and Ruler, in contrast, cannot handle
that many rules. An e-graph approach needs a small rule set, which limits simplification power.

Different rule sizes. Synthesis cost grows steeply with the maximal rule size, so we determine how
large rules must be for effective simplification. We evaluate systems with rules up to size 14 and plot
the median normal-form size against the rule size on random terms. We compare greedy rewriting
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Fig. 7. Comparison of UC-only, variable, and e-graph rewrite systems on the boolean (left) and integer (right)
theories.

with Compass’s UC-only systems, greedy rewriting with Compass’s systems with variables, and
Ruler in egglog. Figure 7 shows the curves.
Uninterpreted-constant systems improve approximately linearly with rule size. Systems with
variables improve considerably faster and converge near size 7, with size 8 already close to optimal.
Ruler surpasses the uninterpreted-constant system of the same size but is considerably slower
and more memory-intensive. Ruler lies between the two greedy variants and stagnates near size 7.
A small variable system therefore suffices to optimize terms well.

6.6 Other Theories (RQ6)

The boolean theory is finite and synthesis completes within a reasonable time frame. In this section,
we check whether the findings generalize to larger and infinite theories by repeating the experiment
of RQ5 with the integer, BV4, and BV32 theories. Figures 7 and 8 show the boolean, integer, and
bitvector results.

For the greedy systems, the trends carry over to all theories: variable systems decrease the size of
the simplified term quickly, and uninterpreted-constant systems decrease it steadily. Ruler’s e-graph
lies between the two greedy variants on the bitvector theories, but on the integer theory it is weaker
than both. Unlike the boolean theory, the bitvector and integer theories are not exhausted. We let
each theory run for a budget of 10 min. Their normal-form sizes therefore continue to decrease
with rule size instead of reaching a fixed optimum.

6.7 Restrictions and Threats to Validity

Even if the number of terms Compass has to enumerate is finite for finite theories, the set of
terms is still too vast to be enumerated completely for practically relevant theories. Therefore, for
practical scenarios, Compass cannot guarantee convergence and completeness for all ground terms.
However, our evaluation shows that even up-to-size-n systems are helpful for term simplification.

One could argue that performing benchmarks on randomly generated terms lacks practical
relevance. However, it is difficult to derive a theoretical characterization of terms that occur “in
practice”, and existing approaches, such as Ruler [Nandi et al. 2021] or Twee [Smallbone 2021], also
do not make such assumptions. Hence, if any of the compared approaches performed better or
worse on “practically relevant” terms, it would be either because of some property that has not been
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Fig. 8. Comparison of UC-only, variable, and e-graph rewrite systems on the 4-bit (left) and 32-bit (right)
bitvector theories.

explored yet in the literature or because of mere coincidence. Investigating properties of terms that
occur in practice is a potentially interesting direction of research but not the focus of this paper.

Our greedy rewriter can apply rewrite rule sets that have been generated for k UCs to subject
terms with more than k UCs because of the renaming technique introduced in Section 4.4. However,
a significant restriction of Compass is that the guarantees hold only for the number of UCs in
the signature. For subject terms that require more than three UCs, the rewrite systems Compass
generates with three UCs do not have any guarantees, not even for ground terms up to size n.
Future work could investigate how the simplification power of Compass’s three-UC rule sets scales
with more UCs in the subject term.

7 Related Work

Ruler. Ruler [Nandi et al. 2021] uses equality saturation to infer rewrite rules. E-graphs compactly
represent all candidate pairs of equivalent terms. Equality saturation collapses equivalence classes,
yielding smaller and more general rule sets.

Like Ruler, we enumerate terms to generate our rules. However, Ruler and Compass have different
goals: Ruler synthesizes small rule sets to drive equality saturation, while we synthesize large
ground complete and convergent rule sets for greedy rewriting. Furthermore, Compass terminates
on all finite-universe theories, a guarantee Ruler does not provide.

Enumo. Enumo [Pal et al. 2023] addresses the scalability limitations of Ruler by introducing a
DSL for programmable theory exploration. Terms are enumerated using workloads, which are sets
of s-expressions. Enumo provides operators to strategically compose workloads. By expressing
targeted subsets of the term space, Enumo scales to grammars and term depths that an exhaustive
enumeration cannot reach. While Enumo is crucially dependent on user-guided strategies to
explore the term space, Compass automatically enforces the completeness of the resulting TRS.
As with Ruler, Enumo’s resulting rule sets are much smaller, in order to be used in an equality
saturation engine rather than in a greedy rewriting tool. Finally, Enumo introduces a strategy to
select desirable rules in order to fast-forward equality saturation. Enumo’s fast-forwarding strategy
provides support for theories where equality is undecidable. Compass must be used on a theory
with decidable equality: extending this work to handle theories with undecidable equality is an
interesting direction for future work.
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Halide. Newcomb et al. [2020] verify and extend the large hand-written TRS inside the Halide
compiler [Ragan-Kelley et al. 2013]. They certify existing rules and guarantee termination via
formal verification, then use program synthesis to derive new provably correct rules from cases
where the compiler fails to prove properties.

Both works make calls to an SMT solver in order to produce sound rules by construction: the
SMT solver verifies that both sides of a rule are semantically equal. Like the term rewriting systems
generated by Compass, Halide’s term rewriting system is terminating. Their proof of termination
uses a 13-component lexicographic ordering, while we use a size-KBO. In both Compass and the
Halide work [Newcomb et al. 2020], candidate left-hand sides are iteratively generated from normal
forms of the current TRS.

Their approach is able to handle conditional rewrite rules by first generating a sound rule on
actual constants, and then trying to generalize the rule on more constants. A guard condition is
synthesized iteratively by finding counterexamples. When no counterexample is found by Z3, the
conditional rule is sound. However, they do not give any guarantee on confluence or completeness
of the TRS. Maintaining our theoretical guarantees with support for conditional rules is important
future work. Compass also assumes decidable equivalence, whereas the Halide work is specifically
engineered for undecidable integer arithmetic.

(Unfailing) Knuth-Bendix completion. The KBC procedure [Knuth and Bendix 1970] transforms
a set of equations into a convergent TRS by orienting equations under a reduction order and
resolving critical pairs, failing when an equation is unorientable. Bachmair et al. [1989] removed
this restriction: unorientable equations are retained and only their orientable ground instances
are applied as rewrite rules when trying to prove an equality. This yields a TRS that is ground
convergent with respect to the chosen ordering.

Unfailing KBC shares ground completeness and KBO-compatibility of rules as goals with Com-
pass, but the approaches differ in their inputs and their termination behavior. KBC starts from a
user-supplied equational axiomatization (that is, a set of equalities) and does not terminate for
several theories (e.g. Peano arithmetic). KBC is a semi-decision procedure for the word problem and
will not terminate on theories with an undecidable word problem. Compass requires no axiomati-
zation; instead, it depends on a solver for the word problem of the given theory, and is guaranteed
to terminate with a finite ground-complete TRS for all finite-universe theories. If the theory does
not have a finite universe, then Compass will not find every possible rule. However, given a target
size, Compass ensures ground convergence and completeness up to that size.

There exist theories for which a finite axiomatization does not exist, but for which the word
problem is decidable (for example, the theory of positive numbers with exponentiation [Gurevi¢
1985]). In that case, KBC is not applicable, while Compass is.

Conversely, many theories for which the word problem is undecidable admit an axiomatization,
like Peano arithmetic. Our tool cannot be complete in that case, as no full decision procedure
for the word problem exists. However, automated theorem provers based on unfailing KBC (such
as Twee [Smallbone 2021]) add the negated goal as an equation, and try to find a refutation. As
unfailing completion is refutationally complete, this gives a semi-decision procedure for the word
problem. This is not a result that we can achieve with our method.

Modern reformulations of KBC drop the requirement of fixing the reduction order in advance,
with techniques like maximal completion [Klein and Hirokawa 2011; Winkler 2019], coupling
with a termination checker [Wehrman et al. 2006], or multi-completion [Winkler et al. 2010]. In
comparison, Compass commits to a fixed size-KBO because we want normal forms to be the smallest
semantically equivalent terms.
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CV(C4. Notzli et al. [2019] use syntax-guided synthesis (SyGuS) to enumerate and propose new
rewrite rules for the SMT solver’s simplifier (here, CVC4 [Barrett et al. 2011]). The process is
semi-automated: their approach proposes a set of new rewrite rules from a base set. A human can
then select some of the proposed rules to be added to the set. This process is repeated several times.
In order to filter out candidate pairs of terms, they check three properties: (1) If the candidate rule
is an instantiation of an existing rule, then it is not added. This is similar to Refinement 1, where
a left-hand side of a rule must be a normal form of T,,_;. (2) As in Compass, rewrite rules with
variables are only enumerated up to a canonical renaming. (3) Like Ruler [Nandi et al. 2021] and
Enumo [Pal et al. 2023], they use an e-graph to filter out rewrite rules that are implied by other
rules up to congruence closure. In contrast to Compass, their objective is not to obtain a convergent
or complete term rewriting system.

Theory exploration. Theory exploration [Buchberger et al. 2006] deals with the automatic dis-
covery of lemmas in equational theories. QuickSpec [Claessen et al. 2010; Smallbone et al. 2017]
enumerates terms over a given signature and partitions them into equivalence classes by random
testing. All equations of the form ¢ ~ r where r is the representative of the class of ¢ are candidate
equations. The set of discovered equations is grown incrementally, and congruence closure on the
previously discovered equations filters potential candidates. Compass enumerates and partitions
terms into equivalence classes as well. However, our approach differs in three aspects: instead of
random testing, we use an equivalence oracle; we do not have rule candidates (none of our rules is
redundant); and we ensure ground convergence and ground completeness. QuickSpec enumerates
terms in order of increasing depth. Terms that have non-canonical subterms are not enumerated:
this is very similar to our Refinement 2.

Speculate [Braquehais and Runciman 2017] extends theory exploration to conditional equations
and inequalities about black-box functions. Expressions are separated into equivalence classes
by testing, and term rewriting is used to discard redundant equations. It supports conditional
equations, which Compass does not. Similar to QuickSpec, however, the equations are conjectured
from tests rather than proved, and no attempt is made to produce a convergent or complete system.

8 Future Work and Open Questions

Compass synthesizes complete rule sets, which restricts it to theories with decidable equality and
to sizes within the enumeration budget. Approximate synthesis would trade these guarantees for
scaling. Under-approximation, which tests on random inputs only and skips expensive equivalence
checks, lowers the synthesis cost. Over-approximation, which admits extra candidate rules and
filters them afterwards, enlarges the rule set and opens it to heuristic search. The same relaxation
would let Compass target theories with undecidable or expensive equality. At the variable level,
one could conflate equivalent normal forms into a single representative to minimize enumeration
at the cost of overlooking some rules.

Associativity and commutativity enlarge the rule set and force Compass to retain UCs for
symmetric terms. Matching modulo associativity and commutativity would make most rules
redundant, allowing for fewer normal forms and a smaller rule set. An alternative is to enumerate
only variable terms, and to enumerate the UC instances of a variable term only if that term cannot
be reduced.

With variables, the test in line 10 of Algorithm 1 is true for 61.5% of the enumerated terms in our
experiments. It would be interesting to investigate efficient methods that filter out more of these
terms before enumeration.
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Another open question concerns the minimality of the rule set. Are there smaller ground complete
rule sets than Compass’s for UC-only rules? We do not believe that Compass’s rule sets are minimal
for rules with variables. What could smaller systems look like?

Synthesis for rules with variables and UC-only rules could potentially be decoupled. Variable
rules are cheap and general at small sizes, whereas UC rules scale to large rule sets. This suggests
synthesizing with variables first and UCs later, then combining the results.

Finally, it would be of practical interest to also support the synthesis of conditional rewrite rules.

9 Conclusions

We presented Compass, an algorithm that synthesizes rewrite rule sets that are convergent and
complete for ground terms up to a given size. With such a rule set, every ground term of size at
most n reaches, under any rule application order, the smallest term that is semantically equivalent
to it. We proved both convergence and completeness and mechanized the proof in Lean. Compass
enumerates rewrite rules of increasing size and uses several techniques to significantly prune the
enumeration space. For finite theories, Compass terminates with a rule set that covers ground
terms of all sizes. We demonstrated this by generating a rule set that is convergent and complete
for boolean terms of any size with up to three uninterpreted constants.

Our experiments show that these guarantees are useful in practice. With a rule set that is complete
up to a sufficient size, greedy rewriting simplified terms further than equality saturation at a small
fraction of the runtime and memory consumption. Compass’s rule sets cover all of Ruler’s rules,
and Compass outperforms unfailing Knuth-Bendix completion, as implemented in Twee, in both
synthesis time and simplification power. We conclude that convergent and complete rule sets are
obtainable automatically at practically relevant sizes, and that simple greedy rewriting can be a
feasible alternative to equality saturation for term simplification.

10 Disclosure of Use of Al in Research

Research. After finalizing the paper, we asked an Al agent to perform a critical review of the
paper. This made two critical suggestions which we implemented: First, we added a comparison to
Twee to compare Compass against KBC solvers. Second, our initial proof of Theorem 5.2 (the only
proof of the paper that is not mechanized in Lean) was lacking the argument from Lemma 5.1. The
Al agent suggested to use Dickson’s lemma to close that gap.

Code. We used Al auto-completion for writing the code of the artifact.

For the proofs, an initial version was generated by an Al agent based on our paper-and-pencil
proofs. As the proofs were not closing/not helpful, we rewrote most of them by hand. But the initial
skeleton the Al agent drafted remains in place.

We created some helper scripts for the evaluation with an Al agent (random term generation,
conversion between our rule formats, and the bash script combining all our evaluation runs).

11 Data Availability Statement

We provide an artifact under [EISRRIEPEIPECEEPEPAERYA

Our artifact includes the Lean proof under proof/. Executing lake build checks the proof. The
proof checking takes about five minutes, including building the libraries.

The other folders contain the code to reproduce our evaluation. Detailed instructions are located
in eval/ReadMe.md with an explanation of the experiments (and timings) in eval /RESULTS.md.
The whole evaluation takes around two hours.

The Docker container for the tool can be built (10 min) with:

docker build -f eval/docker/Dockerfile -t rule-enum-eval .


https://doi.org/10.5281/zenodo.23215271
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To run the experiments use:

mkdir -p eval/out-docker

docker run --rm -u "$(id_-u):$(id_-g)" -v "$PWD/eval/out-docker:/eval/out" rule
< -enum-eval

docker run --rm -u "$(id_-u):$(id_-g)" -v "$PWD/eval/out-docker:/eval/out" --
< entrypoint python3 rule-enum-eval report.py

These commands run all experiments with the output in eval/out-docker. report.py creates a
report in eval/out-docker/results/report.md and figures in eval/out-docker/figures.
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