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else
error ("x_expected");
break;
default:
if (nextsym == "/")
scan ();
else
error("/_expected");

FO;
}
}

void F() {
switch (nextsym) {
case "(":
EQ);
if (nextsym == ")")
scan ();
else
error(")_expected");
default:
if (nextsym == "id")
scan ();
else
error("id_expected");
}
}

void parser () {
scan ();
S();
if (nextsym == "#")
accept();
else
error ("# expected");

Some inefficiencies result from the schematic generatidghisfparser program. A more sophisti-
cated generation scheme will avoid most of these ineffidéenc

3.4 Bottom-up Syntax Analysis

3.4.1 Introduction

Bottom-upparsers read their input likep-dowrparsers from left to right. They are pushdown automata
that can essentially do two kinds of operations:

e Read the next input symbdilift), and
e Reduce the right side of a productioh — « at the top of the stack by the left side of the
production feducs.

Because of these operations they are cadlgitt-reduceparsersShift-reduceparsers are right parsers;
they output the application of a production when they do aicédn. The result of the successful
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analysis of an input word is a rightmost derivation in reeeseder becausshift-reduceparsers always
reduce at the top of the stack.

A shift-reduceparser must never miss@quiredreduction, that is, cover it in the stack by a newly
read input symbol. A reduction igquired if no rightmost derivation to the start symbol is possible
without it. A right side covered by an input symbol will neverappear at the top of the stack and
can therefore never be reduced. A right side at the top oftdek ghat must be reduced to obtain a
derivation is called dandle

Not all occurrences of right sides that appear at the top@ftthck are handles. Some reductions
performed at the top of the stack lead into dead ends, thalhey, can not continued to a reverse
rightmost derivation although the input is correct.

Example 3.4.1Let Gy be again the grammar for arithmetic expressions with thdyetions:

S - F
E—>E+T|T
T - TxF|F
F — (E)|Id

Table 3.5 shows a successfubttom-upanalysis of the wordd = Id of Gy. The third column lists
actions that were also possible, but would lead into dead.dndhe third step, the parser would miss
a required reduction. In the other two steps, the alteraagductions would lead into dead ends, that
is, not to right sentential forms.O

||Stack| input||Erroneous alternative actions

Id * Id
Id x1d
F x |d||Reading of« misses a required reductign
T x1d|| reduction ofT" to E leads into a dead end
T x Id
T *1d
TxF reduction ofF' to T" leads into a dead end
T
E
S

Table 3.5. A successful analysis of the wold * Id together with potential dead ends.

Bottom-upparsers construct the parse tree from lle¢tom up They start with the leaf word of the
parse tree, the input word, and construct for ever largeséthe read input subtrees of the parse tree
by attaching the subtrees for the right sidef a productionX — « below a newly created node
upon a reduction by this production. The analysis is sudekE§a parse tree with root labed, the start
symbol of the grammar, has been constructed for the wholé imprd.

Fig. 3.13 shows some snapshots during the constructiorgfalse tree according to the derivation
shown in Table 3.5. The tree on the left contains all nodesdh@a be created when the ingdthas
been read. The sequence of three trees in the middle refgsekerstate before the handlex F'is
being reduced, while the tree on the right shows the compketse tree.

3.4.2 LR(k) Parsers

This section presents the most powerful deterministic oetthat worksbottom-up LR (k) analysis.
The letter says that the parsers of this class read their input feefirtd right, TheR characterizes
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Fig. 3.13.Construction of the parse tree after reading the first synibaiogether with the remaining input, before
the reduction of the handIE « F', and the complete parse tree.

them as Ryht parserf is the length of the considered lookahead.

We start again with the item-pushdown automaknfor a context-free gramma¥ and transform
it into a shift-reduceparser. Let us look back at what we did in the caseopfdownanalysis. Sets of
lookahead words were computed from the grammar, which weed to select the right alternative for
a nonterminal aexpansion transitionsf P. So, theL L(k) parser decides about the alternative for
a nonterminal at the earliest possible time, when the nomitexl has to be expandefiR(k) parsers
follow a different strategy; they pursad possibilities to expand and to readgarallel.

A decision has to be taken when one of the possibilities tdicoe asks for a reduction. What is
there to decide? There could be several productions by whichduce, and a shift could be possible
in addition to a reduction. The parser uses the kesgmbols to take its decision.

In this section, first a.R(0) parser is developed, which does not yet consider any loalkhhe
Section 3.4.3 presents tisanonical LR (k) parser. In Section 3.4.3, less powerful variantd.éf(k)
are described, which are often powerful enough for prackaeally, Section 3.4.4 describes a error
recovery method fol.R(k). Note that all context-free grammars are assumed to be eeldafcnon-
productive and unreachable nonterminals and extended bwatart symbol.

The Characteristic Finite-state Machine to a Context-freeGrammar

We attempt to represeiil; by a non-deterministic finite-state machine,dteracteristic finite-state
machinech(G). SincePy is a pushdown automaton, this cannot easily work. An aduifispecifica-
tion of actions on the stack is necessary. These are ass@idh some states and some transitions of
ch(G).

Our goal is to arrive at a pushdown automaton who pursueo#hpial expansion and read tran-
sitions of the item pushdown-automaton in parallel and @tlyeduction decides which production
is the one to select. We define tblearacteristicfinite-state machineh(G) to a reduced context-free
grammarG. The states of the characteristic finite-state machiri€r) are the items$A — «a.(] of the
grammarG, that is, the states of the item pushdown-automadenThe set of input symbols of the
characteristic finite-state machink(G) is Vr U Vy, its initial state is the start itefjt” — ..S] of the
item pushdown-automatary;. The final states of the characteristic finit-state machia¢tee complete
items[X — «.]. Such a final state signals that the word just read corresptand stack contents of
the item pushdown-automaton in which a reduction with tleelpctionA — o can be performed. The
transition relationA of the characteristic finite-state machine consists ofriduesitions:

(X = a.Yf),e,[Y — 1)) for X -aYBeP, Y —-yeP
([X = a.Y],Y,[X — aY.f[]) for X -aYpBeP, YeVyUVp

Reading a terminal symbols in char(G) corresponds to ahift transition of the item pushdown-
automaton undet. ¢ transitions ofchar(G) correspond to the expansion transitions of the item
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pushdown-automaton. Whethar(G) reaches a final stateX — «.] Ps undertakes the following
actions: it removes the itefX — «.] on top of its stack and makes a transition undefrom the new
state that has appears on top of the stack. This is a reduntior of the item pushdown-automaton
Pe.

Example 3.4.2Let Gy again be the grammar for arithmetic expressions with thdyrtions
S - F
E—-E+T|T

T >T+F|F
F— (B)|d

Fig. 3.14 shows the characteristic finite-state machinedmgrarG,. O

5— B —2=[5=E]
! E + T
[E— .E+T) [E— B+ T|—>E - E+.T]—|[E > E+T]
Y T
z‘:[E — .7 [E— T
Y
([T — T % F] a >HT—>T.*F]F**>{[T—>T*.F]}L> [T — T« F)]
Y 2
e [ T — F]
Y
[[F = .(B)] e = B 2 = [F — (E)]
Y
= [F = a0 {[[F = 1]

Fig. 3.14. The characteristic finite-state machittear(Go) for the grammarzy.

The following theorem clarifies the exact relation betwe®n ¢haracteristic finite-state machine and
the item pushdown automaton:

Theorem 3.4.1 Let GG be a context-free grammar and: (Vi UV )*. The following three statements
are equivalent:

1. There exists a computatighs’ — .5], ) I—;ar(c) ([A — «a.f],¢) of the characteristic finite-state
machinechar(G). )

2. There exists a computati¢p[A — «.0], w) boe ([S" — S.],¢) of the item pushdown-automaton
P such thaty = hist(p) « holds.

3. There exists a rightmost derivati61‘1r:*m> ~' Aw = ~afw withy =~'a. O

The equivalence of statements (1) and (2) means that woati$ethd to an item of the characteristic
finite-state machinehar(G) are exactly the histories of stack contents of the item powhdautomaton
Ps whose topmost symbol is this item and from whieh can reach one of its final states assuming
appropriate inputv. The equivalence of statements (2) and (3) means that aptiageomputation of
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the item pushdown-automaton for an input wardhat starts with a stack content€orresponds to a

rightmost derivation that leads to a sentential ferm where« is the history of the stack contenis
We introduce some terminology before we prove Theorem 3HBot a rightmost derivation

S’ %5 ~' Av = yav and a productioml — « we call« thehandleof the right sentential formyaw.

Is the right sidex = /3, the prefixy = '/ is called areliable prefixof G for the item[A — «’.3].
The item[A — «.] isvalid for . Theorem 3.4.1, thus, means, that the set of words undehvitéc
characteristic finite-state machine reaches an [tém- o/.0] is exactly the set of reliable prefixes for
this item.

Example 3.4.3 For the gramma¢z, we have:

right sentential form| handle | reliable prefixess|| reason
E+F F E,E+ E+F || S E—=E+T=E+F

T x1d Id T, T, TxId S:>T*F:>T*Id

Tm

a

In a non-ambiguous grammar, the handle of a right sentdatialis the uniquely determined word that
thebottom-upparser should replace by a nonterminal in the next redustemto arrive at a rightmost
derivation. A reliable prefix is a prefix of a right sentenfiaim that does not properly extend beyond
the handle.

Example 3.4.4We give two reliable prefixes @f, and some items that are valid for them.

relaible prefix | valid item reason

E+ [E— E+.T) SﬁEﬁEjLT
[T — .F) S=E+T=E+F
[F — .Id] S:*>E+F:>E+Id

(E + ( [F—(B)] [ S=(E+F) = (E+(E)
T — F| St (E+(T >7_m — (E+(F))
[F — .Id] S%(E—&—(F)ﬁ(E—&—(Id))

a

Has, in the attempt to construct a rightmost derivation feoad, the prefix: of the word been reduced
to a reliable prefixy, then each itenfX — «.f], valid for -, describes one possible interpretation of
the analysis situation. Thus, there is a rightmost dedveti which+y is prefix of a right sentential form
andX — «f is one of the possibly just processed productions. All sucklpctions are candidates for
later reductions.

Consider the rightmost derivation

S’ %? ~yAw = yafw

It should be extended to a rightmost derivation of a termiviaid. This requires that

1. g is derived to a terminal word, and after that,
2. « is derived to a terminal word.

Altogether,
S = vy Aw = yafuw = youw = Yurw —> TUVW
m m m m m

We now consider this rightmost derivation in the directiénealuction, that is, in the direction in which
a bottom-upparser constructs it. First, is reduced tay in a number of steps, thanto «, thenv to

(. The valid item[A — «.(] for the reliable prefixya describes the analysis situation in which the
reduction ofu to a has already been done, while the reduction tf 5 has not yet started. A possible
long-range goal in this situation is the application of theductionX — «f.
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We come back to the question which language is accepted lphtracteristic finite-state machine
of Ps. Theorem 3.4.1 says thakG goes under a reliable prefix into a state that is a valid itentHis
prefix. Final states, i.e. complete items, are only valid&iable prefixes where a reduction is possible
at their ends.

Proof of Theorem 3.4.1. We do a circular proofl) = (2) = (3) = (1). Let us first assume

([S" — .S],7) Ifhar(c) ([A — «a.f],¢). By induction over the number of ¢ transitions we construct a

rightmost derivatiors’ %@ yAwW = yafw.

Istn = 0, dannisty = e und[4 — a.f] = [§" — .S]. DaS’ =% &' gilt, ist the Behauptung in
diesem Fall erf"ullt. Isk. > 0, betrachten wir den letzten"Ubergang. Dann |"asst sich the Berechnung
of the characteristic automaton zerlegen in:

(18" = S| E, o (X = oA e) b (A= .afla) . (A - afe)

char(G) char(G)

wherey = 7/a. Nach Induktionsannahme gibt es eine rightmost derivaficE2 v/ Xw' == "o/ AB'w'

mit ' = 7"a’. Da the grammaé reduziert ist, gibt es ebenfalls eine rightmost derivatioe= v.

Deshalb haben wir:
S L A Avw’ =2 v afw

mit w = vw’. Damitist the Richtund1) = (2) bewiesen.
Nehmen wir an, wir h"atten eine rightmost derivatish=—= v’ Aw == ~v'aSw. Diese Ableitung
ES

["asst sich zerlegen in:

m m

S/ = Oéleﬁl %n> 041X11}1 %n> A %n> (041 . Oén)Xn(’Un .. .’Ul) —— (041 .. .an)aﬁ(vn . ..Ul)

for X,, = A. Mit Induktion nachn folgt, dass(p, vw) & ([S" — S.],¢) gilt for

G

p = [SI - al-Xlﬁl] oo [Xn—l - aanﬁn]
W = VVp ...0V1

soferns T:Zf v, 1 = 1 = e andX; = S. Damit ergibt sich the Schlugg) = (3).
F"ur den letzten Schluss betrachten wir einen Kellerinhattp’ [A — «.] mit (p, w) F . ([s" —

K

S.],€). Zuerst "uberzeugen wir uns mit Induktion nach the Anzahl"tberg"ange in einer solchen
Berechnung, dass notwendigerweise von the Form:

p’ = [S/ — Oél.Xlﬂl] ‘e [Xn,1 — Oéanﬂn]

ist for einn > 0 and X,, = A. Mit Induktion nachn folgt aber, dasg[S’ — .5],~) Ehar(c) ([A —

a.f],e) giltfor v = ay ... ana. Day = hist(p), gilt auch the Behauptung (1). Damit ist the Beweis
vollst"andig. O

The Canonical LR(0) Automaton

In Chapter 2, we presented an algorithm which takes a ncerda@tistic finite-state machine and con-
structs an equivalent deterministic finite-state machiinés deterministic finite-state machine pursues
all paths in parallel which the non-deterministic automatould take for a given input. Its states
are sets of states of the non-deterministic automaton. §iiset constructiois now applied to the
characteristic finite-state machinkar(G) of a context-free gramma®. The resulting deterministic
finite-state machine is called tlkanonicalL R(0) automaton foiG and denote it byL Ry (G).
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Example 3.4.5The canonicallL R(0) automaton for the context-free gramn@s of Example 3.2.2
on page 39 is obtained by the application of the subset aat&in to the characteristic finite-state
machinechar(Gy) of Fig. 3.14 on page 82. Itis shown in Fig. 3.15 on page 85alestare:

={[5—.E] ={[F—=(E), ={ [T —=Tx.F],
[E— .E+T], [E— .E+T], [F — .(F)],
[E—.T], [E—.T], [FF— .Id] }
[T — . T * FJ, [T — .T % F| s ={[F— (B,
[T — .F], [T — .F] [E—E.+T]}
[F'— (E)], [F'— .(E)]
9 ={[F—E+Tl],
[F— .Id] } [F— .Id] } T —T.«F]}
Si={[5—E] ={[F—1d]} T
[E—FE.+T]} :{[E—>E+ VAR :{[T T« Fl}
Sy={[E—T], [T —.T * F), n={1F=(E®1}
T —T.«F])} T — .F), Si2 =10
—{[T—F]} [F'—.(E)],
[F— 1d] }

Fig. 3.15. The transition diagram of th& R(0) automaton for the gramma¥, obtained from the characteristic
finite-state machinghar(Go) in Fig. 3.14. The error stat§;» = () and all transitions into it are left out.

The canonical. R(0) automatorl Ry (G) to a context-free gramma¥ has some interesting properties.
Let LRO(G) = (Qg, Vr U VN, Ac,qc.0, Fe), and |etAE Qg X (VT U VN)* — Q¢ be the lifting
of the transition functiom\s from symbols to words. We then have:

1. A% (gc,0,7) is the set of all items il for which - is a reliable prefix.
2. L(LRy(G)) is the set of all reliable prefixes for complete itefds— a.] € Z.

Reliable prefixes are prefixes of right-sentential formghay occur during the reduction of an input
word. When a reduction is possible that will again lead toghtrsentential-form This can only hap-
pen at the right end of this sentential form. An item valid &oreliable prefix describes one possible
interpretation of the actual analysis situation.
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Example 3.4.6 E + I is areliable prefix for the grammai,. The stateAy, (So, £+ F') = Sz is also
reached by the following reliable prefixes:

oo, ((F, ((F,
T«(F, Tx((F, Tx*((F,
E+F, E+(F, E+((F,

The stateSs in the canonicallL R(0) automaton ta%, contains all valid items for the reliable prefix
E+, namely the items

[E—E+.T,[T— . Tx*xF],[T—.F|,[F—.Id,[F—.(F).

For E+ is a prefix of the right sentential fornk + 7" :

S—F — E+T = E+F = E+1Id
1 1 T
Valid are for instance [E — E + .7 [T — .F] [F' — .Id]

a

The canonicalLR(0) automatonL Ry (G) to a context-free gramma¥ is a deterministic finite-state
machine that accepts the set of reliable prefixes to comtéates. In this way, it identifies positions
for reduction, and therefore offers itself for the constiare of a right parser. Instead of items (as the
item-pushdown automaton) this parser stores on its stat&ssbf the canonicdl R(0) automaton,
that is setsof items. The underlying pushdown automaia is defined as the tupl&y = (Q¢ U
{f},Vr, Ao, qc.0,{f})- The set of states is the s@ of states of the canonicdlR(0) automaton
LRy (G), extended by a new stafe the final state. The initial state &%, is identical to the initial state
qa.,0 of LRo(G); The transition relatiom\, consists of the following kinds of transitions:

Read: (¢,a,qdc(q,a)) € Aq, if da(q,a) # 0. This transition reads the next input symkobknd
pushes the successor statendera onto the stack. It can only be taken if at least one item of the
form [X — a.af3] is contained iny.

Reduce:(qq1 ... qn,e,q0c(q, X)) € Aif [X — a.] € ¢, holds with|a| = n. The complete item

[X — «.] in the topmost stack entry signals a potential reductionmfasy entries are removed
from the top of the stack as the length of the right side ingicaAfter that, theX successor of the
new topmost stack entry is pushed onto the stack.
Fig. 3.16 shows a part of the transition diagram df/a(0) automatorl Ry (G) that demonstrates
this situation. They path in the transition diagram correspondsdpentries on top of the stack.
These entries are removed at reduction. The new actual staeously below these removed
entries, has a transition und&r, which is now taken.

Finish: (¢¢04q,¢, f) if [ — S.] € ¢. This transition is the reduction transition to the prodtrct
S’ — S. The property|S’ — S.] € ¢ signals that a word was successfully reduced to the start
symbol. This transition empties the stack and inserts tte sitatef.

The special casgX — .| merits special consideration. According to our descriptje] = 0 topmost
stack entries need to be removed from the stack upon thictiedyand a transition from the new,
and old, actual state underX should be taken, and the statk;(q, X) is pushed onto the stack.
This transition is possible since by construction it hotust with the item{--- — --- .X -- -] also the
item [X — .«] is contained in stateg for each right sidev of nonterminalX . In the special case of a
¢ production, the actual statecontains together with the itefp-- — --- .X ---] also the complete
item [X — .]. This latter reduction transitioextends the lengtbf the stack.

The construction oL Ry(G) guarantees that for each non-initial and non-final sjetteere exists
exactly one entry symbol under which the automaton can makanaition intog. The stack contents
q,---,qn Mit g = qg,0 corresponds therefore to a uniquely determined worek X; ... X,, €
(Vr U Viy)* for which A (g, Xi+1) = ¢i4+1 holds. This wordv is a reliable prefix, and,, is the set
of all items valid fora.
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{ [;(_)23} }*X>< [—>X] }

< X - ol }

Fig. 3.16. Part of the transition diagram of a canonid¢ak(0) automaton.

The pushdown automatadh, just constructed is not necessarily deterministic. Thezewvao kinds
of conflicts that cause non-determinism:

shift-reduce conflict:a stateg allows a read transition under a symhokE V- as well as a reduce or
finish transition, and
reduce-reduce conflicta state; permits reduction transitions according to two differerductions.

In the first case, the actual state contains at least one[Xem «.a] and at least one complete item
[Y — ~.]; in the second case,contains two different complete itenfis — «.], [Z — (3.]. A stateq

of the LR(0) automaton with one of these properties is calldgl(0) inadequateOtherwise, we caly
LR(0) adequateEs gilt:

Lemma 3.4.For anL R(0) adequatestateg there are three possibilities:

1. The statey contains no complete item.

2. The state consists of exactly one complete itér — «.;

3. The statey contains exactly one complete itgp — . ], and all non-complete items inare of the
form [X — «.Y ], where all rightmost derivations fdf that lead to a terminal word are of the
form:

Y =5 Aw—w
m m

foraw e V5. O

Inadequate states of the canoniE&l(0) automaton make the pushdown autonfataon-deterministic.
We obtain deterministic parsers by permitting the parskrdk ahead into the remaining input to select
the correct action in inadequate states.

Example 3.4.7 The statesS;, S2 and.Sy of the canonical R(0) automaton in Fig. 3.15 arBR(0)
inadequate. In statg, the parser can reduce the right sidéo the left sideS (complete item.S — E.])
and it can read the terminal symbelin the input (item[E — E. + T). In stateS, the parser can
reduce the right sid& to E (complete itemE — T'.]) and it can read the terminal symbelitem
[T'— T. = F]). In stateSy finally, the parser can reduce the right sile+ 7' to E (complete item
[E — E + T.]), and it can read the terminal symbo{item [T — T. x F]). O

Direct Construction of the Canonical L R(0) Automaton

The canonical R(0) automaton. Ry (G) to a context-free grammal¥ needs not be derived through
the construction of the characteristic finite-state maehirar(G) and the subset construction. It can
be constructed directly fro®. The construction uses a functiak; . that adds to each setof items
all items that are reachable bytransitions of the characteristic finite-state machinee $&tA¢ - (¢)

is the least solution of the following equation

I=qU{[A— 4] |3X - aABeP: [X - a.Ap] €T}

Similar to the functiortlosure() of the subset construction it can be computed by
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set(item) closure(set(item) q) {
set(item) result — g¢;
list(item) W «— list_of(q);
symbol X; string(symbol) «;
while (W £ ) {
item i «— hd(W); W «—tl(W);
switch (i) {
case [ — _.X J:forall (a: (X —a)€eP)
if ([X — .of & result) {
result — result U {[X — .a]};
W —[X — .o : W;

default : break;

}

return result;

}

whereV is the set of symbol$” = Vi U V. The setQ) of states and the transition relatiaky; are
computed by first constructing the initial stagge o = Aq.({[S” — .S]}) and then adding successor
states and transitions until all successor states aradgliedhe set of constructed states. To implement
it we specialize the functionextState() of the subset construction:

set(item) nextState(set(item) q, symbol X) {
set(item) ¢’ — 0;
nonterminal A; string(symbol) «, [3;
forall (A, a, (3 : ([A — a.Xf] € q))
¢ —q U{[A— aX.[]};
return closure(q’);

}

As in the subset construction, the set of statrasesand the set of transitiortsans can be computed
iteratively:
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list(set(item)) W;
set(item) qo < closure({[S" — .S]});
states — {qo}; W — [qo];
trans « (;
set(item) q,q;
while (I £ ) {
q < hd(W); W —t(W);
forall (symbol X) {
q' < nextState(q, X);
trans — trans U {(q, X,q") };
if (¢ ¢ states) {
states «— states U {q'};
W —q¢ = W;

3.4.3 LR(k): Definition, Properties, and Examples

We call a context-free gramma¥ an LR(k)-grammar, if in each of its rightmost derivatios$ =
g = a1 = as - -+ = au,;,, = v and each right sentential forms occurring in the derivation
rm m m

e the handle can be localized, and
e the production to be applied can be determined

by consideringy; from the left to at mosk symbols following the handle. In ahR(k)-grammar,
the decomposition ody; into vSw and the determination of — (3, such thaty;_; = yXw holds is
uniquely determined by andw|;. Formally, we callG an LR(k)-grammar if

S’ % aXw = afw and
S’ T:jn> Yz = afy and
wlk = Yl implies a=yANX=Y ANz=y.
Example 3.4.8 Let G be the grammar with the productions
S—A|B A—adb|0 B —aBbb |1

ThenL(G) = {a™0b" | n > 0} U {a"1b*" | n > 0}. We know already that is for nok > 1 an
LL(k)-grammar. Gramma® is anLR(0)-grammar, though.
The right sentential forms @ have the form

S, A, B, a"adbb®, a"aBbbb’>", a"abb", a"albbb>"

for n > 0. The handles are always underlined. Two different posséslto reduce exist only in the
case of right sentential formg e Abb™ anda™aBbbb>" One could reduce™aAbb™ to o™ Ab™ and to
a™aSbhb™. The first choice belonged to the rightmost derivation

S T:;> a Ab" = a”aAbb"

the second to no rightmost derivation. The prefixof a™ Ab™ uniquely determines, whethet is the
handle, namely in the case= 0, or whether Ab is the handle, namely in the case> 0. The right
sentential forms™ Bb>" are handled analogouslyr
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Example 3.4.9 The grammar7, with the productions
S — aAc A— Abb | b

and the languagé(G1) = {ab®*'c | n > 0} is an LR(0)-grammar. In a right sentential form
aAbbb?"c only the reduction taAb?" ¢ is possible as part of a rightmost derivation. The prefibb
uniquely determines this. For the right sentential fai*" c, b is the handle, and the prefi% uniquely
determines this. O

Example 3.4.10The grammar. with the productions
S — aAc A—bbA|b

and the languagé(G2) = L(G,) is anLR(1)-grammar. The critical right sentential forms have the
formab™w. If 1 : w = b, the handle lies imv; if 1 : w = ¢, the lasth in b™ forms the handle. O

Example 3.4.11The grammar+3; with the productions
S — aAc A—bAb|b

and the languagg(Gs) = L(G4) is not anL R(k)-grammar for any: > 0. For, letk be arbitrary, but
fix. Consider the two rightmost derivations

S == ab" Ab"c = ab™bb"c

S = ab"tL A"t le — ab"tlpp"tle
rm m

with n > k. With the names introduced in the definition bR(k)-grammar, we have = ab™, 3 =
b,y = ab" T w = bc,y = b"2c. Herew|, = y|x = b*. a # v implies thatG3 can be nal R(k)-
grammar. O

The following theorem clarifies the relation between therdidin of L R(0)-grammar and the proper-
ties of the canonid. R(0) automaton.

Theorem 3.4.2 A context-free grammat is an LR(0)-grammar if and only if the canonic@lR(0)
automaton foiG has noL R(0)-inadequate states.

Proof: " =" Let G eine LR(0)-grammar, and nehmen wir an, der canonit&}(0) automaton
LRy(G) habe einen einef R(0)-inadequaten state

Fall1: The state hat einerreduce-reduceonflict, d.hp enth"alt zwei verschiedene iteri’§ — 5.], Y — 4.].

Dem statey zugeordnet ist eine nichtleere Menge von reliable prefixesty = /3 ein solches reli-
able prefix. Weil beide items valid for sind, gibt es rightmost derivations

S = v Xw = ~'Buw und
m m

S = vYy = vy mit vd=+'=1~
m m

Das ist aber ein Widerspruch zi(0)-Eigenschaft.

Fall 2: statep hat einershift-reduceconflict, d.h.p enth"altitemg X — 5.] and[Y — d.aq]. Let~y
ein reliable prefix for beide item Weil beide items valid fpsind, gibt es rightmost derivations

S = ' Xw = +'fw und
rm m

S = vYy = véaay mit vd=~'8=r
m m

Ist 3" € Vi, erhalten wir sofort einen Widerspruch. Andernfalls gide@e rightmost derivation

*
a = V1 X V3 = V1VV3
rm rm
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Weil y # avyvavsy gilt, ist the LR(0)-Eigenschaft verletzt.

"= Nehmen wir an, the canonicdlR(0) automatonLRy(G) habe keineL R(0)-inadequaten
states. Betrachten wir the zwei rightmost derivations:

S = aXw = afw
m rm

S = Y — afy
m m

Zu zeigen ist, dass = v, X =Y, x = y gelten. Letp the state of the canonicalR(0) automaton
nach Lesen von/. Dann enth"alp alle for a3 valid items . Nach Voraussetzung isL R(0)-geeignet.
Wir unterscheiden zwei F"alle:

Fall 1: 8 # . Wegen Lemma 3.4 igt = {[X — (.]}, d.h.[X — (/] ist das einzige valid item for
af. Daraus folgt, dass = v, X = Y andx = y sein muss.

Fall 2: (= e. Nehmen wir an, the zweite rightmost derivation widersheetheL R(0)-Bedingung.
Dann gibt es ein weiteres iteflX — 0.Y'n] € p, so dassy = /¢ ist. The letzte Anwendung einer
production in the unteren rightmost derivation ist thetle&nwendung einer production in einer ter-
minalen rightmost derivation far’. Nach Lemma 3.4 folgt daraus, dass the untere Ableitunggage
ist durch:

S’ T:jn> o/ 5Y w T:;> o/ S Xvw = o/ dvw

wobeiy = vw ist. Damit gilta = /0 = v, Y = X andz = vw = y — im Widerspruch zu unserer
Annahme. O

Let us conclude. We have seen how to constructftR¢0) automaton’ Ry (G) from a given context-
free grammaiGG. This can be done either directly of through the charadterigite-state machine
char(G). From the deterministic finite-state machib&,(G) one can construct a pushdown automata
P,. This pushdown automatd? is deterministic ifL. Ry (G) does not contaii R(0)-inadequate states.
Theorem 3.4.2 states this is exactly the case if the graniimaan L R(0)-grammar. We have thereby
met a method to generate parsersfdt(0)-grammars.

In real life, LR(0)-grammars are rather rare. Often lookahead of lefigth 0 needs to be used
to select between the different choices of a parsing stinatn anL R(0) parser, the actual state de-
termines what the next action is, independently of the mgxtii symbolsLR(k) parsers fok > 0
have states consisting of sets of items. A different kindtednis are used, though, so-callb&®(k)-
items. LR(k)-items are context-free items, extended by lookahead wéws. R(k)-item is of the
formi = [A — a.3,z] for a productiond — a3 of G and a wordr € (Vf U V;=F#). The context-
free item[A — «.(] is called thecore, the wordx the lookaheadof the LR(k)-itemsi. The set of
LR(k)-items of grammar? is written asZ¢ ;. The LR(k)-item [A — .3, z] is valid for a reliable
prefix v, if there exists a rightmost derivation

S'# = v Xw# — v afuw#

with z = (w#)|. A context-free itemA — «.(] can be understood as &R (0)-item that is extended
by lookahead.
Example 3.4.12Consider again grammaéf,. We have:

1) [E—E+.T,)]

[E— E+.T,+] arevalidLR(1)-items for the prefiX E+

2 [FE—T.,% is not a validL R(1)-item for any reliable prefix.

To see observation (1), consider the two rightmost deawati

S’ = (E) = (E+T)

m

S/%(E+|d):m>(E+T+|d)

r

Observation (2) follows since the subwaki can occur in no right sentential formO
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The folllowing theorem gives a characterization of thB(k)-property based on valiil R(k)-items.

Theorem 3.4.3Let G be a context-free grammar. For a reliable prefiet It(+) be the set of.R(k)-
items ofG that are valid fory.

The grammaty is anL R(k)-grammar if and only if for all reliable prefixesand allL R(k)-items
[A — a.,z] € It(y) holds:

1. if there is anothef R(k)-item [X — 4.,y € Tt(y), thenx # y.
2. isthere anothek R(k)-item [X — d.a3,y] € Tt(y), thenx & first,(af) Ok {y}. O

Theorem 3.4.3 suggests to defifiR(k) adequate and R(k)-inadequate sets of items also for
k > 0. Let I be a set ofLR(k)-items. I has areduce-reduceonflict, if there areL R(k)-items
[X — a.,z|,[Y — B.,y] € I withz = y. I has ashift-reduceconflict, if there areL R(k)-items
[X — a.aB,z],[Y — v.,y] € I with

Yy e {a} Ok firstk(ﬂ) Ok {:L'}

For k = 1 this condition is simplified tgy = a.

The setl is called LR(k)-inadequate, if it has eeduce-reduceor ashift-reduceconflict. Other-
wise, we call itL R(k) adequate.

The LR(k)-property means that when reading a right sentential foroaralidate for a reduction
together with production to be applied can be uniquely deiteed by the help of the associated reliable
prefixes and thé: next symbols of the input. However, if we were to tabulatecalinbinations of
reliable prefixes with words of length this would be infeasible since, in general, there are irdipit
many reliable prefixes. In analogy to our way of dealing witR(0)-grammars one could construct a
canonicalL R(k)-automaton. The canonicalR(k)-automaton. R (G) is a deterministic finite-state
machine. Its states are sets bR(k)-items. For each reliable prefix the deterministic finite-state
machineL R;(G) determines the set df R(k)-items that are valid fory. Theorem 3.4.3 helps us in
our derivation. It says that for ahR(k)-grammar, the set of R(k)-items valid fory together with the
lookahead determines uniquely whether to reduce in thestegt and if so, by which production.

In much the same way as ttig?(0) parser stores states of the canoniE&l(0) automaton on its
stack, theL R(k) parser stores states of the canoniEdl(k)-automaton on is stack. The selection of
the right of several possible actions of th& (k) parser is controlled by thactiontable. This table
contains for each combination of state and lookahead orteedbtlowing entries:

shift: read the next input symbol;

reducé X — «): reduce by productioX — «;

error: report error

accept: announce successful end of the parser run

A second table, thgototable, contains the representation of the transition tioancof the canonic
LR(k)-automatornl R, (G). Itis consulted after ahiftaction or areduceaction to determine the new
state on top of the stack. Uporshift, it computes the transition under the read symbol out of tiesh
state. Upon a reduction by — «, it gives the transition undeX out of the state underneath those
stack symbols that belong ta These two tables fdt = 1 are shown in Fig. 3.17.

The LR(k) parser for a gramma¥ needs a program that interprets #@ion andgoto-table, the
driver. Again, we consider the cage= 1. This is, in principle, sufficient because for each language
that has arl. R(k)-grammar and therefore also & (k) parser one can construct &R (1)-grammar
and consequently also dnR(1) parser. Let us assume that the set of states of.tRél) parser were
Q. One such driver program then is:
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actiontable gototable
Vru {#} VN UVp
P X
Q parser actio Q| 4 da(q, X)
q for (¢, x)

Fig. 3.17. Schematic representation ation- andgoto-table of anLR(1) parser with set of stateg.

list(state) stack «— [qol;
terminal buffer «— scan();
state q; nonterminal X; string(symbol) «;
while (true) {
q < hd(stack);
switch (action|q, buffer]) {
case shift : stack «— gotolq, buffer] :: stack;
buffer « scan();
break;
case reduce(X — «): output(X — «);
stack «— tl(|al, stack); q < hd(stack);
stack «— gotolq, X] :: stack;

break;
case accept : stack — f::tl(2, stack);
return accept;
case error : output(”...”); goto err;
}

The functionlist(state) tl(int n, list(state) s) returns in its second argument the listvith the
topmostn elements removed. As with the driver program fak(1) parsers, in the case of an error, it
jumps to a labeérr at which the code for error handling is to be found.

We present three approaches to construdt B1) parser for a context-free grammar The most
general method is the canonidaRR(1)-method. For eacli. R(1)-grammarG there exists a canonical
LR(1) parser. The number of states of this parser can be largeeffiner other methods were proposed
that have state sets of the size of th&(0) automaton. Of these we consider tié R(1)- and the
LALR(1)-method.

The described driver program férR (1) parsers works for all three parsing methods; the driver in-
terprets theaction- and agoto-table, but their contents are computed in different waysonsequence,
the actions for some combinations of state and lookaheadmalfferent.

Construction of an LR(1) Parser

The LR(1) parser is based on the canoniéd®(1)-automatorn’. R, (G). Its states therefore are sets of
LR(1)-items. We construct the canonidaR(1)-automaton much in the same way as we constructed
the canonicalL R(0) automaton. The only difference is thaRR(1)-items are used instead 8fR(0)-
items. This means that the lookahead symbols need to be d¢echpinen the closure of a setof
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LR(1)-items undee-transitions is formed. This set is the least solution offtil®wing equation
I=qU{[A— 4,y |3X - adB e P: [X — a.Af,x] € I,y cfirsty(8) ®1 {z}}

It is computed by the following function

set(item1) closure(set(item1) q) {
set(item1) result «— g;
list{item) W « list_of(q);
nonterminal X; string(symbol) o, B; terminal x,y;
while (W # ) {
itemy i — hd(W); W «— tl(W);
switch (i) {
case [ — _ X0, 1]:
forall (a: (X — a) € P)
forall (y € firsty(8) @1 {x})
if ([X — .«,y] & result) {
result — result U {[X — ., y]};
W —[X — .a,y] = W;

default : break;

}
}

return result;

}

whereV is the set of all symbold/ = V; U V. The initial stateyy of LR, (G) is

qo = closure({[S" — .S, #]})

We need a functionextState() that computes the successor state to a given eétl R, -items and a
symbolX € V = Vy U V. The corresponding function for the constructionZd?,(G) needs to be
extended by the compute the lookahead symbols:

set(itemy) nextState(set(item1) q, symbol X) {
set{itemy) ¢’ — 0;
nonterminal A; string(symbol) «,; terminal x;
forall (A, , 3,2 : ([A — a.Xf,2] € q))
¢ — ¢ U{[A— aX.p x]};
return closure(q’);

}

The set of states and the transition relation of the canbii&{1)-automaton is computed in analogy
to the canonical R(0)-automaton. The generator starts with the initial stateaandmpty set of tran-
sitions and adds successors states until all successes atatalready contained in the set of computed
states. The transition function of the canoni€dt(1)-automaton gives thgoto-table of theLR(1)
parser.

Let us turn to the construction of theetiontable of theL R(1) parser. Nareduce-reduceonflict
exists in a statg of the canonicall R(1)-automaton with completé R(1)-items[X — a.,z],[Y —
B.,y] if @ # y. If the LR(1) parser is in state it will decide to reduce with the production whose
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lookahead symbol is the next input symbol. If stateontains at the same time a complét(1)-item
[X — a.,z] and anLR(1)-item [Y — [.av,y], it still has noshift-reduceconflict if « # x. In state
q the generated parser will reduce if the next next input sylrishe and shift if it isa. Therefore, the
actiontable can be computed by the following iteration:

forall (state q) {
forall (terminal x) actionl|q,x] < error;
forall ([X — a.B,z] € q)
if (B=¢)
if (X=8ANa=SAx=4%#) action|[q, #] — accept;
else action|q, z] — reduce(X — a);
else if (8 =af’) action|q,a] « shift;
}

Example 3.4.13We consider some states of the canonic&l 1)-automaton for the context-free gram-
mar Gy. The numbering of states is the same as in Fig. 3.15. To makeefhresentation of sefs
of LR(1)-items more readable all lookahead symbold.iR(1)-items from.S with the same kernel
[A — «.fd] are collected in one lookahead set

L={z|[A— apacq)
We represent subsefd — a.03,z| | © € L} as[A — «.3, L] and obtain

Sy, = closure({[S — .E,{#}]}) S¢ = nextState(S], +)
={[5— .E {#}] ={[E— E+.T {#+}],
[E— .E+ T {# +}], [T — T« F.{#,+,+}],
[E— T, {#,+}, [T — .F {#. +,+}],
[T — T« F {4, +, }], [F = .(E){#,+,+}],
[T — .F,{#,+, *}], [F— d, {#,+,*}] }
[F— .(E), {#, +,*}],
[F— Id, {#,+,*}] } Sy = nextState(S§,T))
={[E—E+T {#+}],
S = nextState(S), ) [T —T.x F,{#,+,%}] }
={[S— E. {#},
[E— E.+T{#,+}] }
SL = nextState(S7,T)

={[E—=T.{# +}],
[T — T. % F,{#,+,+}] }

After the extension by lookahead symbols, the st&tesS; and Sy, which wereL R(0) inadequate,
have no longer conflicts. In staf§ the next input symbok indicates to shift, the next input symbol
# indicates to reduce. In stat§ lookahead symbol indicates to shift# and+ to reduce; similarly

in stateSj.

The table 3.6 shows the rows of thetion-table of the canonicdl R(1) parser for the gramma¥,

which belong to the state%), 57, S5, S§ andSy. O

SLR(1)-and LALR(1) parser

The set of states adf R(1) parsers can become quite large. Therefore, aftBranalysis methods are
employed that are not as powerful as canonical LR parserbave fewer states. Two su¢hR analysis
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The used numbering of the productions:

d () = -+ #

S, | s s 1:S—F
Sq s acc 2:E—-E+T
S5 s r(3) r(3) 3:E—T

4: T —-Tx*xF
St | s s 5: 7T —F

6: F— (E)
S5 s r(2) r2) 7:F—Id

Table 3.6. Some rows of thactiorrtable of the canonical R(1) parser forGo. s stands foishift, () for reduce
by productioni, accfor accept All empty entries represesetror.

methods are th6 LR(1)- (simpleLR-) and LALR(1)- (lookaheadL R-)methods. ISSLR(1) parser
is a specialL ALR(1) parser, and each grammar that hadat?. R(1) parser is ar. R(1)-grammar.

The starting point of the construction 8L R(1)- and LALR(1) parsers is the canonicalR(0)
automatonL R (G). The setQ of states and thgoto-table for these parsers are the set of states and
the goto-table of the correspondingR(0) parser. Lookahead is used to resolve conflicts in the states
in Q. Letq € Q be a state of the canonicAR(0) automaton anflX — «.] an item ing. We denote
by (g, [X — «a.f]) the lookahead set that is added to the ifém— «.5] in ¢. The SLR(1)-method
is different from theL AL R(1)-method in the definition of the function

AN:Q XTI — QVTU{#}

Relative to such a functioi, the state; of LRy(G) has areduce-reduceonflict, if it has different
complete item$X — «.], [Y — (.] € g with

Mg, [X = )N (g, [Y — B]) #0

Relative to\ , ¢ has ashift-reduceconflict if it has items[X — «.af],[Y — 7.] € g witha €
Mg, [Y = .]).

If no state of the canonif R(0) automaton has a conflict, the lookahead 8éis[X — «.]) suffice
to construct amctiontable zu.

In SLR(1) parsers, the lookahead sets for items are independent sfates in which they occur;
the lookahead only depends on the left side of the produatithre item:

As(q, [ X — a.f)) = {a € Vp U{#} | S'# == vXaw} = follow; (X)

for alle states; mit [X — «.] € ¢. A stateq of the canonical R(0) automaton is calle®LR(1)-
inadequatef it contains conflicts with respect to the function. G is anSLR(1)-grammarif there
are noSLR(1)-inadequate states.

Example 3.4.14We consider again grammaéf, of Example 3.4.1. Its canonicdlR(0) automaton
LRy(Gp) has the inadequate statés S2 and.Sy. We extend the complete items in the states by the
follow, -sets of their left sides to represent the functignin a readable way. Sindellow; (S) = {#}
andfollow, (E) = {#,+, )} we obtain:

ST ={1[S — E., {#}], conflict eliminated,
[E—E.+T]} da + & {#}

S ={[E—T.,{#+,)}, conflict eliminated,
[T—T.xF]} da =& {#,+,)}

S§={[E—E+T,{#,+,)}], conflict eliminated,

[T —T.%«F]} da ¢ {#, +,)}
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S0,Gp ian SLR(1)-grammar and it has asiL R(1) parser. O

The setfollow; (X) collects all symbols that can follow the nontermialin a sentential form of the
grammar. Only théollow; -sets are used to resolve conflicts in the construction ¢fiaR(1) parser. In
many cases this is not sufficient. More conflicts can be resbifithe state is taken into consideration
in which the complete iterfiX — «.] occurs. Thanost precisédookahead set that considers the state is
defined by:

Mg, [X — a.8]) ={ac Vr U{#} | S'# %’yXaw/\ AL (qo, ye) = q}

Here,q is the initial state, and\; is the transition function of the canonid?(0) automatorL Ry (G).
In A (q,[X — «.]) only terminal symbols are contained that can foll&nn a right sentential form
(X aw such thatBa drives the canonical R(0) automaton into the statg We call stateg of the
canonicalL R(0) automaton AL R(1)-inadequatef it contains conflicts with respect to the function
Ar. The grammars is an LALR(1)-grammar if the canonical R(0) automaton has n@ ALR(1)-
inadequate states.

There always exists ahALR(1) parser to al.ALR(1)-grammar. The definition of the function
Az however is not constructive since sets of right sententish§ appear in it that are in general
infinite. The sets\1(¢,[A — «.]) can be characterized as the least solution of the followystesn
of equations:

AL(qo, [S" — .S]) = {#}
(g, [A = aX. () = U [A — aXf]) | Ag(p,X) =q}, X e (VrUVN)
AL(g, [A—.a]) = U{firsti(8) ©1 Ar(q, [X — 7.AB]) | [X —~.AB] € ¢'}

The system of equations describes how sets of successopkyaflitems in states originate. The first
equation says that onk# can follow the start symbd”’. The second class of equations describes that
the follow symbols of an itenfA — aX.(] in a stateg result from the follow symbols after the dot in
an item[A — «.X f3] in stategp from which one can reachby readingX . The third class of equations
formalizes that the follow symbols of an itefd — .«] in a stateg result from the follow symbols of
occurrence®f A in items ing after the dot, that is, from sefisst; (3) ©1 AL (q, [X — ~.Af]) foritems

[X — ~.Af] ing.

The system of equations for the sats(q, [A — «a./3]) over the finite subset lattic®™V{#} can be
solved by the iterative method for the computation of leasit®ns. Considering which nonterminal
may produces allows us to replace the occurrencesle¢oncatenation by unions. We so obtain an
equivalent pure union problem that can be solved by the effichethod of Section 3.2.7.

LALR(1) parsers can be constructed in the following, albeit inefitiway: One constructs a
canonicalL R(1) parser. Consider twd R(1) adequate statgsandg where the cores of the items;in
are the same as the cores in the itemg, dlhat is, where the difference of the two sets of items cdsisis
only in the lookahead sets. Such statemdq are merged to a new stgté The lookahead sets in the
new statey’ are obtained as the union of the lookahead sets of items étkame core. The grammar
isanLALR(1)-grammar if the new states have no conflicts.
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list(set(item)) W;
set(item) qo < closure({[S" — .S]});
states — {qo}; W — [qo];
trans « (;
set(item) q,q;
while (I £ ) {
q < hd(W); W «tI(W);
forall (symbol X) {
q' < nextState(q, X);
trans — trans U {(q, X,q") };
if (¢ ¢ states) {
states «— states U {q'};
W —¢ = W;

}

A further possibility consists in the modification of Algthhin LR(1)-GEN The conditional state-
ment

if (¢ not in states) states « states U {q'};
is replaced by

if (existsq” in states with samecorgg’, ¢”)) mergéstates, ¢, q");
where

bool samecoreset of itemp, set of itemp’)
if (set of cores of = set of cores of’)
return true;
else
return false;

void merge(set of set of itemstates, set of itemp, set of itemp’)
states « states \ {p'} U{[X — .3, L1 ULs] | [X — .3, L1] € pand[X — a.83, Lo] € p'};

Example 3.4.15The following grammar taken from [ASU86] describes a siffigxdi version of the C
assignment statement:

S — S

S — L=R|R
L — xR|Id
R — L

This grammar is not a' L R(1)-grammar, but t is &AL R(1)-grammar. The states of the canonical
LR(0) automaton are given by:
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So={[5"—.9], Sy={[S—L.=R], Ss¢={[S—L=.R]
[S— .L=R] [R— L]} R — L],
[S — .R], [L — . xR,
[L—.*R], S ={IS—R]} (L —.d] }
L ], Si—{[L— « Rl
[R—.I] } {{R_)_LL] Sr={[L—=R]}
_ r [L — . xR, Ss={[R— L]}
St sl (L —.1d] }

Ss={[L—1d]}

StateS, is the only LR(0)-inadequate state. We haf@low; (R) = {#,=}. This lookahead set for
the item[R — L.] is not sufficient to resolve thghift-reduceconflict in S, since the next input symbol
= is in the lookahead set. Therefore, the grammar is ndt/aR(1)-grammar.

The grammar however is BALR(1)-grammar. The transition diagram of ifsALR(1) parser
is shown in Fig. 3.18. To increase readability, the lookahsetsA;,(¢,[A — «.3]) were directly
associated with the itefd — «.(] of stateq. In stateSs, the item[R — L.] has now the lookahead
set{#}. The conflictis resolved since this set does not contain &x¢input symbol=. O

3.4.4 Error Handling in LR Parsers

LR parsers likd. L parsers have the viable-prefix property. This means thatgatix of the input that
could be analyzed by ahR parser without finding an error can be completed to a corngettiword, a
word of the language. When dnR parser meets a configuration where the combination of gtatel
input symbol: leads to an entryction[q, a] = error this is the earliest situation in which an error can
be detected. We call this configurationemmor configurationandq theerror stateof this configuration.
There exist a number of error handling methodsfdt parsers:

e Forward error recovery: Modifications are made in the remgimput, not in the parse stack.
e Backward error recovery: Modifications are also made in trs@stack.

Let us assume; were the actual state amdhe next symbol in the input. Potential corrections are the
following actions: A generalizeshift(5a) for an item[A — «.Bav] in ¢, areducefor incomplete items
in ¢, andskip.

e The correctiorshift(3a) assumes that the subword f6iis missing. It therefore pushes the states
that the item-pushdown automaton would run through whedingahe words starting in state.
After that the symbod is read and the associatskiift-transition of the parser is performed.

e The correctiorreducé A — «.3) also assumes that the subword that belongs t® missing.
Thereforela| many states are removed from the stack.jbe the newly appeared state on top of
the stack. That state is pushed onto the stack that resoiftgofand A according to thgoto-table.

e The correctiorskipcontinues with the next Symbal in the input.

A simple method for error recovery could look as follows: Lstassume there were no transition under
a. If the actual state contains an itd®d — «a.(av], the parser could try to restart by readingAs
correctionshift(3a) is performed. If the symbol does not occur in any right sidamftems ing, but

as lookahead of a noncomplete itérh — «.] in ¢, then the correctioreducé A — «.f3) could be
performed. If several such corrections are possible anplausiblecorrection is chosen. It could be
plausible to choose the operatishift(3a) or reducé A — «.(3) in which the missing subword is the
shortest. If neither ahift- nor areducecorrection is possible the correctiskipis applied.

Example 3.4.16 Consider the gramma¥, with the productions

EFE—-FE+T T —-TxF F — (B)
E—-T T—F F—Id
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Fig. 3.18. Transition diagram of th& AL R(1) parser for the grammar of Example 3.4.15

for which the canonical R(0) automaton was constructed in Example 3.4.5. As input we s#00
(ld+)

After reading the prefixe§ld + the stack of anSLR(1) parser contains the sequence of states
50545556, corresponding to the reliable prefi¥? +. The actual stat§; consists of the items :

F— (E)] }

We consider anb LR(1) parser. Its lookahead sets of the itemsSinare thefollow; -sets of the left
sides, i.,e.

[6 s |
[E— E+.T]+,)

[T — .F) * 4, )
[F — .1d] x4, )
[F— (B)] |*+)

Reading) in stateSg leads toerror. However, there are incomplete itemsSgwith lookahead. One of
these items is used for reduction. One such itefis> F + .T'|. The reduction produces a new stack
contentSyS,Ss sinceSs is the successor state 8f under the left side®. A shifttransition reading

is possible in stat&g. This leads to new stat, on top of the stack. A sequence of reductions reaches
the final statef. O
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This error recovery is a pure forward recovery. It is simitathe one offered by the parser generator
CUP for AvA.

The One-Error-Hypothesis

Im Folgenden stellen wir ein verfeinertes Verfahren vors das den Parsertabellen eine Fehlerbe-
handlung erzeugt, dabei aber annimmt, dass the Progiamwesentlichesyntaktisch korrekt ist and
deshalb nur minimal abgeandert werden muss. Das Verfaleteredpenfalls vorw"arts tiber the input.
Im Fehlerfall versucht es, the input nach Mdoglichkeit nureamer einzigen Stelle abzuéandern. Das
nennen wir theEin-Fehler-Hypothesevorberechnete Informationen wird eingesetzt, um effizian
entscheiden, wie the Fehler in the input korrigiert werdaties

Eine Konfiguration of the. R parsers notieren wir alsoq, a; . . . a,, ), wobeipq der Kellerinhalt ist
mit actualm state, und the restliche input; . . . a,,. Das verfeinerte Verfahren versucht, zu jeder error
configuration(yg, a; . . . a,,) einepassend&onfiguration zu finden, in the eine Fortsetzung the analy-
sis durch Lesen mindestens eines weiteren input symbol linhagt. Eine Konfiguratiorpasstzu the
error configuration , wenn sie durch m"oglichst wenig Vedarungen aus the error configuration her-
vorgeht. Mit the Annahme thein-Fehler-Hypothesschr'anken wir the zugelassenen Ver"anderungen
drastisch ein. The ein-Fehler-Hypothese besagt, dassehker=an the gegebenen Stelle dusih
fehlendesein "uberfl'ussiges odeein falsches Symbol an the Fehlerstelle verursacht wurde. Der
Fehlerbehandlungsalgorithmus verf'ugt deshalb Uber @ieeation for the Einsetzen, eine operation
for the L"oschen und eine operation for the Ersetze@sSymbols.

Let (¢q,a; . ..a,) eine error configuration . Das Ziel the Fehlerkorrektur ririee the drei opera-
tions lasst sich wie folgt beschreiben:

L"oschen: Finde Kellerinhaltey’p mit

(©q, @ig1 ... an) F (&'p,aity...an) und action[p,a;41] = shift

Ersetzen: Finde ein Symbok and Kellerinhaltey'p mit
(pq,atitq ... ap) F (@'p,ais1...a,) und action|p,a;1] = shift
Einf'ugen: Finde ein Symbok and Kellerinhaltey’p mit
(¢q,aa;...a,)F (¢'p,a;...a,) und actionp,a;] = shift

The gesuchten Kellerinhaltg’p k"onnen sich dadurch ergeben, dass unter dem jeweils nean n
input symbol reductions m“oglich sind, die in the error cgafation nicht m"oglich waren. Eine
wichtige Eigenschaft the drei operations ist, dass sie #renihierung of the Fehlerbehandlungsver-
fahren garantieren: jeder the drei Schritte stellt im Ey$fhll den Lesezeiger um mindestens ein Sym-
bol weiter.

Fehlerbehandlungsmethoden mit Zur"ucksetzen erlaub&iatalich, eine zuletzt angewandte pro-
duction the FormX — oY r"uckg"angig zu machen anda, . . . a,, als input zu betrachten, wenn the
anderen Korrekturversuche gescheitert sind.

Ein naives Verfahren wird the verschiedenen M"oglichke@mer Fehlerkorrektur dynamisch, d.h.
wahrend of the Parserlaufs durchsuchen, bis eine geeitoetektur gefunden ist. Das Uberpriifen
einer Moglichkeit verlangt eventuell, eine Reihe redutsialurchzufihren, gefolgt von einem Test,
ob man ein Symbol lesen kann. Bei Misserfolg ist dann thereronfiguration wiederherzustellen
und the nachste Mdglichkeit auszprobieren. The Suche maaichtigen Abanderung eines Symbols
kann damit sehr teuer sein. Deshalb interessieren wir ungdiderechnungendie man bereits zur
Generierungszeit of the Parsers durchf'uhren kann, umgaasken bei the Fehlerkorrektur schneller
zu erkennen. Letyg, a; .. . a,) wieder the error configuration . Betrachten wir tBf'ugeneines
Symbolsa € V. The Fehlerbehandlung kann aus the folgenden Sequenz oitt&tbestehen (siehe
Abbildung 3.19 (a)):

(1) eine Folge von reductions unter lookaheadsymbgkfolgt von



